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A TREATISE ON ELEMENTARY DYNAMICS. 

Crown 8vo. 7». 6rf. 

The Athenaeum says : — This is one of the best and most complete 
treatises on elementary dynamics which have come before us for a 
long time. The principles of the subject are stated with great clear- 
ness, and the illustrative examples are very appropriate. We have 
been particularly struck with the manner in which the author com- 
bines perspicuity with brevity in his short chapter on ** units and 
dimensions," a subject which, though apparently very simple, often 
presents considerable difficulties to a beginner. Special praise is also 
due to his chapter on the **hodograph " and "normal accelerations." 

The Cambridge Review says : — Mr Loney may be congratulated on 
the production of a most valuable text book, at once simple and com- 
plete. The earlier chapters on uniformly accelerated motion and the 
laws of motion are treated with extreme simplicity... A chapter of 
wrought-out examples clears up many difficulties which the beginner 
experiences in tackling problems, but which could scarcely be explained 
in the text. We are glad to see that the method of the hodograph is 
used in treating of normal acceleration, and that qycloidal motion is 
considered as a case of simple harmonic motion. 

The Journal of Education says:— ...The necessary explanations 
and proofs are clear and the petty difficulties which perplex a beginner 
are in no way ignored.... 

The Educational Times says : — ...The manner, if not the method, 
of many of the proofs is fresh and new ; and the hodograph is used 
effectively in dealing with normal acceleration and the motion of a 
body in a conic section. So too, in treating of pendulum and cy- 
cloidal motion, the introduction of the conception of simple harmonic 
motion certainly considerably simplifies some of the proofs.... 

The Soots Observer says : — ...He has done really good service in 
the provision of suitable examples and a great number of capital test 
exercises. His treatment of the motion of a railway carriage on a 
curved portion of the railway line is especially well illustrated.... His 
diagrams are first-rate.... In one word, a really excellent text-book. 
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PKEFACE. 



nnHE present book forms Part II. of The Elements of 
-*■ Statics and Dynamics, of which Part I. (Statics) has 
already been published. 

It aims at being useful for Schools and the less 
advanced students of Colleges; the examples are, in 
consequence, large in number, and generally of a 
numerical and easy character. Except in two articles 
and a few examples at the end of the Chapter on 
Projectiles, it is only presumed that the student has 
a knowledge of Elementary Geometry and Algebra, and 
of the Elements of Trigonometry. 

It is suggested that, on a first reading of the sub- 
jects, all articles marked with an asterisk should be 
omitted. A few hints are subjoined for the guidance 
of students reading for examinations, where the amount 
required is less than the whole of the book. 

Part I. and Part II. are, as far as is possible, in- 
dependent of one another; hence any teacher, who 
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wishes his pupils to commence with Dynamics, may 
take Part II. before Part I., by omitting an occasional 
article which refers to Statics. • 

Any corrections of mistakes, or hints for improve- 
ment, will be gratefully received. 



S. L. LONEY. 



Barnes, S.W. 
March, 1891. 
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DYNAMICS. 



CHAPTER I. 

VELOCITY. 

1. If at any instant the position of a. moving point be 
P, and at any subsequent instant it be Qy then FQ is 
the change in its position in the intervening time. 

A point is said to be in motion when it changes its 
position. 

The path of a moving point is the curve drawn through 
all the successive positions of the point. 

2. Speed. Def. The speed of a Tnoving point is the 
rate at which it describes its path, 

A point is said to be moving with uniform speed when 
it moves through equal lengths of its path in equal times, 
however small th6se times may be. 

Suppose a tram describes 30 miles in each of several consecutive 
hours. We are not justified in saying that its speed is uniform 
unless we know that it describes half a mile in each minute, 44 feet 
in ea4:h second, one-millionth of 30 miles in each one-millionth of an 
hour, and so on. 

When uniform, the speed of a point is measured by the 
distance passed over by it in a unit of time; when variable, 
by the distance which would be passed over by the point in 
L. D. 1 
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a unit of time, if it continued to move during that unit of 
time with the speed it has at the instant under con- 
sideration. 

By saying that a train is moving with a speed of 40 
miles an hour, we do not mean that it has gone 40 miles in 
the last hour, or that it will go 40 miles in the next hour, 
but that, if its speed remained constant for one hour, then 
it would describe 40 miles in that hour. 

3. The units of length and time usually employed in 
England are a foot and a second. 

In scientific measurements the unit of length usually 
employed is the centimetre, which is the one hundredth 
part of a metre. 

One metre = 39*37 inches approximately. A decimetre 
is ^th, and a millimetre Yinnyth of a metre. 

4. The unit of speed is the speed of a point which 
moves uniformly over a unit of length in a unit of time. 
Hence the unit of speed depends on these two units, and if 
either, or both of them, be altered, the unit of speed will 
also, in general, be altered. 

5. If a point be moving with speed w, then in each 
unit of time the point moves over u units of length. 

.'. in t units of time the point passes over u,t units of 
length. 

Hence the distance 8 passed over by a point which moves 
with speed u for time t is given hy 8 = u,t 

Ex. 1. Shew that the speed of the centre of the earth is abont 
18*5 miles per second, assoming that it describes a circle of radius 
93000000 miles in 365 days. 

Ex. 2. Shew that the speed of light is about 194000 miles per 
second assuming that it takes 8 minutes to describe the distance from 
the sun to the earth. 
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6. Displacement. The displacement of a moving poinfr 
is its change of position. To know the displacement- of a 
moving point, we must know both the length and the direc- 
tion of the line joining the two positions of the moving 
point. Hence the displacement of a point involves both 
magnitude and direction. 

Ex. 1. A man walks 3 miles dne east and then 4 miles due 
north; i&ew that his displacement is 5 miles at an angle tan~^ f 
north of east. 

Ex. 2. A ship sails 1 mile due south and then ,^2 miles south- 
west ; shew that its displacement is /^5 miles in a direction tan~^ ^ 
west of south. 

« 

7. Velocity. Def, The velocity of a moving point is 
the rate of its displacement, 

A velocity therefore possesses both magnitude and 
direction, 

A point is said to be moving with uniform velocity, 
when it is moving in a constant direction, and passes over 
equal lengths in equal times, however small these times 
may be. 

When uniform, the velocity of a moving point is 
measured by its displacement per unit of time ; when vari- 
able, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
moved during that unit of time with the velocity which it 
has at the instant under consideration. 

8. It will be noted that when the moving point is 
moving in a straight line, the velocity is the same as the 
speed. 

If the motion be not in a straight line the velocity is 

not the same as the speed. For example, suppose a point 

,to be describing a circle uniformly, so that it passes over 

equal lengths of the arc in equal times however small ; then 

1—2 
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'its direction of motion (viz. the tangent to the circle) is 
different at different points of the circumference ; hence 
the velocity of the point (strictly so called) is variable, 
whilst its speed is constant. 

9. The magnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal ifi a unit 
of length in a unit of time. 

When we say that a moving point has velocity v, we 
mean that it possesses v units of velocity, i.e., that it would 
undergo a displacement, equal to v units of length, in the 
unit of time. 

If the velocity of a moving point in one direction be 
denoted by i?, an equal velocity in an opposite direction is 
necessarily denoted by — v, 

10. Since the velocity of a point is known when its 
direction and magnitude are both known, we can con- 
veniently represent the velocity of a moving point by a 
straight line AB; thus, when we say that the velocities of 
two moving points are represented in magnitude and 
direction by the straight lines AB and CD, we mean that 
they move in directions parallel to the lines drawn from 
-4 to ^, and C to D respectively, and with velocities which 
are proportional to the lengths AB and CD. 

11. A body may have simultaneously velocities in 
two, or more, different directions. One of the simplest 
examples of this is when a person walks on the deck of a 
moving ship from one point of the deck to another. He 
has a motion with the ship, and one along the deck of 
the ship, and his motion in space is clearly different from 
what it would have been had either the ship remained at 
rest, or had the man stayed at his original position on the 
deck. 
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Again, consider the case of a ship steaming with its bow 
pointing in a constant direction, say due north, whilst a 
current carries it in a different direction, say south-east, 
and suppose a sailor is climbing a vertical mast of the 
ship. The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz., the rate 
and direction of the ship's sailing, the rate and direction of 
the current, and the rate at which he climbs the mast. 
His actual velocity is said to be "compounded" of these 
three velocities. 

In the foUowing article we shew how to find the 
velocity which is equivalent to two velocities given in 
magnitude and direction. 

12. TheorenL Parallelogram of Velocities. If a 

moving point possess simultcmeously velocities which a/re 
represented in magnitvde and direction by the tvx) sides 
of a parallelogram drawn from, a pointy they are equivalent 
to a velocity which is represented in magnitude and direction 
by the diagonal of the pa/rallelogra^n passing throtigh the 
point. 

Let the two simultaneous velo- 
cities be represented by the lines / ^^ 

AB and -4(7, and let their magni- / ^.^ 

tudes be u and v. ^^^ 

Complete the parallelogram A BE 

BACB. 

Then we may imagine the motion of the point to be 
along the line AB with the velocity w, whilst the line AB 
moves parallel to itself, so that the point A describes the 
line AQ with velocity v. In the unit of time the moving 
point will have moved through a distance AB along the 
line ABy and the line AB will have in the same time moved 
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into the position CD, so that the moving point will now 
be at D. 

Now, since the two coexistent velocities are constant 
in magnitude and direction, the velocity of the point from 
A to D must also be constant in magnitude and direction ; 
hence AD \& the path described by the moving point in 
the unit of time. 

Hence AD represents in magnitude and direction the 
velocity which is equivalent to the velocities represented 
by AB and AG. 

13. Def. The velocity which is equivalent to two or 
more velocities is called their resultant, a/nd these velocities 
are called the components oj this resultant 

The resultant of two velocities u and v in directions 
which are inclined to one another at a given angle a may 
be easily obtained. 

In the figure of Art. 12, let AB and AG represent 
the velocities u and v, so that the angle BAG is a. 

Then we have, by Trigonometry, 

AD^ = AB' + BD^ - 2AB . BD cos ABD. 

Hence, if we represent the resultant velocity AD by w, 
we have 

t^ _ ^2 ^ ^ _j. 2uv cos a, since z ABD = ir— a. 

Also, if we denote the angle BAD by ^, we have 
AB ^JnADB yinDAG ^ 
m) ~ sin BAD ~ sin BAD ' 
u sin (a — ^) _ sin a cos — cos a sin 
* ' v~ ^inO ~~ sin ^ 

= sin a cot B — cos a. 
u-\-v cos a 



cote = 
tan^ = 



V sm a 

v sina 

u + v cos a 
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Hence the resultant of Uvo velocities u, v, inclined to one 
cmother at cm cmgle Oy is a velocity *Jv? + 1;* + 2va) cos a in- 
clined at an angle ta/nr^ to the direction of the 

u + v cos a 

velocity u. 

The direction of the resultant velocity may also be 
obtained as follows; draw DE perpendicular to AB to 
meet it, produced if necessary, in -^ ; we then have 

ED BD sin EBD 



tan DAB = 



AE AB + BD cos EBD 
i;sina 



u-\-v cos a 



14. A velocity can be resolved into two component 
velocities in an infinite number of ways. For an infinite 
number of parallelograms can be described having a given 
line AD as diagonal ; and, if ABDO be any one of these, the 
velocity AD \& equivalent to the two component velocities 
AB and AC. 

The most important case is when a velocity is to be 
resolved into two velocities in two directions ai right angles^ 
one of these directions being given. When we speak of 
the component of a velocity in a given direction it is under- 
stood that the other direction in which the given velocity 
is to be resolved is perpendicular to this given direction. 

Thus, suppose we wish to resolve a velocity w, repre- 
sented by -42>, into two components 

at right angles to one another, one p -^ 

of these components being along a 
line AB making an angle with 
AD. 

Draw DB perpendicular to AB, 
and complete the rectangle ABDG. 
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Then the velocity AD is equivalent to the two com- 
ponent velocities AB and AC. 

Also AB = AD cos = u cos 0, 
and iiC = -52) = ili) sin tf = w sin ft 
We thus have the following important 

Theorem. A velocity u is equivalent to a velocUy u cos 
along a line making am, angle with its own direction 
together with a velocity u sin $ perpendicular to the direction 
of the first component. 

The case in which the angle $ is greater than a right 
angle may be considered as in Statics, Art. 30. 

£x. 1. A man is walking in a north-easterly direction with a 
velocity of 4 miles per hour ; find the components of his velocity in 
directions dne north and due east respectively. 

Ans. Each is 2 ^2 miles per hour. 

Ex. 2. A point is moving in a straight line with a velocity of 
10 feet per second ; find the component of its velocity in a direction 
inclined at an angle of 30° to its direction of motion. 

Am. 5 fJS feet per second. 

Ex. 3. A body is sliding down an inclined plane whose inclina- 
tion to the horizontal is 60° ; find the components of its velocity in 
the horizontal and vertical directions. 

Ans. 5 and u ^ , where u is the velocity of the body. 

15. Components of a velocity in ttvo given directions. 

If we wish to find the components of a velocity u in 
two given directions making angles a, j3 with it, we pro- 
ceed as follows. 

Let AD represent u in magnitude and direction. Draw 
AB, AC making angles <x, fi with it, and through D draw 
parallels to complete the parallelogram ABDG as in Art. 12. 
Since the sides of a triangle are proportional to the sines 
of the opposite angles, we have 

AB _ BD ^ AD 
sin ADB " sin BAD ~ sin ABD ' 



I.e., 
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AB BD AD 



sin p sin a sin (a + j3) * 



... AB = AD^^^,,.MBD^AD-.^''"' 



sin(a + )8)' sin(a + j8)* 

Hence the component velocities in these two directions 

are 

sin Q . sin a 

U . f a\ and U -r—. 5r . 

sin (a + j3) sm (a + p) 

16. Triangle of Velocities. If a momng point possess 
sinmUaneously velocities represented by the two sides AB, BC 
of a triangle taken in order, they are equivalent to a veheity 
represented by AC. 

For, completing the parallelogram ABCD, the lines AB, 
BC represent the same velocities as AB, AD and hence 
have as their resultant the velocity represented by AC. 

Cor. 1. If there be simultaneously impressed on a point three 
velocities represented by the sides of a triangle taken in order, the 
poiat will be at rest. 

Cor. 2. If a moving point possess velocities represented by X . OA 
and II . OB, they are equivalent to a velocity (X + /u) • 00, where G is a 
point on AB such that 

\.AQ=ii.GB. 

For, by the triangle of velocities, the velocity \.0A is equivalent 
to velocities X . OG and X . GA ; also the velocity ii . OB is equivalent 
to /n . OG and /u . GB ; but the velocities X . GA and ii . GB destroy one 
another; hence the resultant velocity is (X+m) . OG. 

17. Parallelopiped of Velocities. By a proof similar 
to that for the parallelogram of velocities, it may be shewn 
that the resultant of three velocities represented by the 
three edges of a parallelopiped meeting in a point, is a 
velocity represented by the diagonal of the parallelopiped 
passing through that angular point. Conversely, a velocity 
may be resolved into three others. 
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18. Polygon of Velocities. If a moving point possess 
simultaneously velocities represented by the sides AB^ BC, 
CD,,..KL of a polygon, (whether the sides of the polygon 
are, or are not, in one plane) the resultant velocity is repre- 
sented by AL, 

For, by Art. 16, the velocities AB, BC are equivalent 
to that represented hj AC ; and again the velocities AC, 
CD to AD, and so on ; so that the final velocity is repre- 
sented by AL, 

Cor. If the point L coincide with A (so that the 
polygon is a closed figure) the resultant velocity vanishes, 
and the point is at rest. 

19. When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resolving the velocities along two 
fixed directions at right angles, and then compounding the 
resultant velocities in these directions. 

Suppose a point possesses velocities w, v, w,... in direc- 
tions inclined at angles a, p, y,... to a fixed line Ox, and 
let Oy be perpendicular to Ox, The components of u 
along Ox, Oy are respectively u cos a, u sin a \ the com- 
ponents of V are v cos p, v sin fi j and so for the others. 



Hence the velocities are equivalent to 

u cos a-\-v cos )8 + to cos y parallel to Ox, 

and t* sin a + 1? sin P ■\-w sin y parallel to Oy, 
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If their resultant be a velocity V at an angle to Ox^ 
we must have 

Fcos — u cos a + v cos ^ •{■w cos y + , 

and F'sin = u sin a + v sin P + w sin y + 

Hence, by squaring and adding, 

V^~{u cos a + v cos )8 + . . .)^ + (tt sin a + 1? sin )S + . . .)^; 

, , T . . . /J wsin a + 1? sin)8 + ... 

and, by division, tan t) = -^ . 

u cos a + v cos )8 + . . . 

. These two equations give V and ft 

EXAMPLES. L 

1, A vessel steams with its how pointed due north with a velocity of 
16 miles an hour, and is carried hy a current which flows in a south- 
easterly direction at the rate of%iJ2 miles per hour. At the end of an 
hour find its distance and hearing from tJie point from which it 
started. 

The ship has two velocities, one being 15 miles per hour north- 
wards, and the other 3 ,J2 miles per hour south-east. 

Now the latter velocity is equivalent to 

3/^2 cos 45°, that is, 3 mUes per hour eastward, 

and 3 ^^2 sin 45°, that is, 3 miles per hour southward. 

. . the total velocity of the ship is 12 miles per hoar northwards 
and 3 miles per hour eastward. 

Hence its resultant velocity is fjl2'^ + 3* or ^^153 miles per hour 
in a direction inclined at an angle tan~^J to the north, i.e., 12*37 
miles per hour at 14° 2' east of north. 

2, A point possesses simultaneously velocities whose measures are 
4, 3, 2 and 1 ; the angle hetween the first and second is 30^*, hetween 
the second and third 90°, and hetween the third and fourth 120°; find 
their resultant. 

Take Ox along the direction of the first velocity and Oy perpen- 
dicular to it. 

The angles which the velocities make with Ox are respectively 
0°, 30°, 120°, and 240°. 

Hence, if V be the resultant velocity inclined at an angle to Ox, 
we have 

Fcos ^=4 + 3 cos 30° + 2 cos 120° + 1 . cos 240° ; 

and F sin ^ = 3 sin 30° + 2 sin 120° + 1 . sin 240°. 
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Whence we have 

rcoB.=4.a.f.2(-l).i(-|)=l±|V8. 

and Fsm^=3.^ + 2 .^-1 .^= — ^ . 

Hence, by squaring and adding, 

r2=16 + 9s/3, 

and, by division, tan ^= ■= — ^—i^ =^J^ - 3. 

Hence the resultant is a velocity 4/16 + 9^3 inclined at an angle 
tan-i (2^3 - 3), i.e., 5*62 at 24° 64', to the direction of the first 
velocity. 

3. The velocity of a ship is 8^ miles per hour, and a ball is 
bowled across the ship perpendicular to the direction of the ship 
with a vdocity of 3 yards per second ; describe the path of the ball 
in space and shew that it passes over 45 feet in 3 seconds. 

4. A boat is rowed with a velocity of 6 miles per hour straight 
across a river which flo'^s at the rate of 2 miles per hour. If its 
breadth be 300 feet, find how far down the river the boat wiU reach the 
opposite bank below the point at which it was originally directed. 

5. A man wishes to cross a river to an exactly opposite point on 
the other bank ; if he can pull his boat with twice the velocity of the 
current, find at what inclination to the current he must keep the 
boat pointed. 

6. A boat is rowed on a river so that its speed in still water 
would be 6 miles per hour. If the river flow at the rate of 4 miles 
per hour, draw a figure to shew the direction in which the head of the 
boat must point so that the motion of the boat may be at right 
angles to the current. 

7. A stream runs with a velocity of IJ miles per hour; find in 
what direction a swimmer, whose velocity is 2} miles per hour, should 
start in order to cross the stream perpendicularly. 

What direction should be taken in order to cross in the shortest 
tiTnef 

8. A ship is steaming in a direction due north across a current 
running due west. At the end of one hour it is found that the ship 
has made 8JS miles in a direction 30° west of north. Find the 
velocity of the current, and the rate at which the ship is steaming. 

9. Two steamers X, T are respectively at two points A and j5, 
which are 5 miles apart. X steams away with a uniform velocity 
of 10 miles per hour in a direction making an angle of 60° with AB. 
Find in what direction Y must start at the same moment, if it steam 
with a uniform velocity of 10^3 miles per hour, in order that it may 
just come into collision with X; find also at what angle it will 
strike X and the time that elapses before they meet. 
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10. A tram-car is moving along a road at the rate of 8 miles per 
hour; in what direction must a body be projected from it with a 
velocity of 16 feet per second, so that its resultant motion may be at 
right angles to the tram-car? 

11. A ship is sailing north at the rate of 4 feet per second; the 
current is taking it east at the rate of 3 feet per second, and a sailor 
is climbing a vertical pole at the rate of 2 feet per second ; find the 
velocity and direction of the sailor in space. 

12. Find the components of a velocity u resolved along two lines 
inclined at angles of 30° and 45° respectively to its direction. 

13. A point which possesses velocities represented by 7, 8, and 13 
is at rest; find the angle between the directions of the two smaller 
velocities. 

14. A point possesses velocities represented by 3, 19, and 9 
inclined at angles of 120° to one another ; find their resultant. 

15. A point possesses simultaneously velocities represented by u, 
2u, SmJSu, and 4u; the angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90°, and 150°; 
shew that the resultant is ti in a direction inclined at an angle of 120° 
to that of the first velocity. 

16. A point has equal velocities in two given directions ; if one 
of these velocities be halved, the angle which the resultant mi^es 
with the other is halved also. Shew that the angle between the 
velocities is 120°. 

17. A point possesses velocities represented in magnitude and 
direction by the Imes joining any point on a circle to the ends of a 
diameter; shew that their resultant is represented by the diameter 
through the point. 

20. Average Speed and Velocity. The average speed 
of a point in a given period of time is the same as the 
speed of a moving point which moves with uniform speed, 
and describes the same path as the given point in the 
given time. Thus the average speed of a moving point 
in a given period of time is the whole' distance described 
by the point in the given time divided by the whole time. 
The average speed of an athlete who runs 100 yards in 
lOf seconds is 100-5- lOf or 9^ yards per second. 

The average velocity of a given point in any direction 
(strictly so called) is the whole displacement in the given 
direction in the given time divided by the given time. 
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21. Belative Motion. Rest and motion are relative 
terms; we do not know what absolute motion is; all 
motion that we become acquainted with is relative. 

For example, when we say that a train is travelling 
northward at the rate of 40 miles an hour, we mean that 
that is its velocity relative to the earth. Beside this 
motion along the surface it partakes with the rest of the 
earth in the diurnal motion about the axis of the earth; 
it also moves with the earth round the sun; and in 
addition has, in common with the whole solar system, any 
velocity that that system may have. 

22. Consider the case of two trains moving on parallel 
rails in the same direction with equal velocities and let 
A and B be two points, one on each train; a person at one 
of them, A s&jy would, if he kept his attention fixed on B 
and if he were unconscious of his own motion, consider B to 
be at rest. The line AB would remain constant in magni- 
tude and direction, and the velocity of B relative to A 
would be zero. 

Next, let the first train be moving at the rate of 20 
miles per hour, and let the second train B be moving in the 
same direction at the rate of 25 miles per hour. In this 
case the line joining A to B would (if we neglect the 
distance between the rails) be increasing at the rate of 
5 miles per hour, and this would be the velocity of B 
relative to A, 

Thirdly, let the second train be moving with a velocity 
of 25 miles per hour in the opposite direction to that of the 
first ; the line joining AB would now be increasing at the 
rate of 45 miles per hour in a direction opposite to that of 
A^s motion, and the relative velocity of B with respect to A 
would be — 45 miles per hour. 

In each of these cases it will be noticed that the 
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relative velocity of the second train with respect to the 
first is obtained by compounding with its own velocity a 
velocity equal and opposite to that of the first. 



V cos 6 



u 



Lastly, let the first train be moving along the line 00 
with velocity w, whilst the second train is moving with 
velocity v along a line O^D inclined at an angle to 00. 

Resolve the velocity v into two components, viz., v cos B 
parallel to 00 and v sin in the perpendicular direction. 

As before, the velocity of B relative to A, parallel to 
00, is V cos 6 — u-y also, since the point A has no velocity 
perpendicular to 00, the velocity of B relative to -4 in that 
direction is v sin 6. 

Hence the velocity of B relative to A consists of two 
components, viz., v cos — u parallel to 00, and v sin $ per- 
pendicular to 00, These two components are equivalent 
to the original velocity v of the train B combined with 
a velocity equal and opposite to that of A, 

Hence we have the following important result ; 

Relative Velocity. When the distance between two points 
is altering, either in direction or in magnitude or in both, 
then either point is said to have a velocity relative to the other; 
also the relative velocity of one point B with respect to a 
second point A is obtained by compounding vdth the velocity 
of B a velocity which is equal and opposite to that of A. 
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23. From the previous article it follows that, if two 
points A and B be moving in the same direction with 
velocities u and v respectively, the relative velocity of B 
with respect to il in that direction is i; — u, and that of A 
with respect to B \&u-v. 

If they be moving in different directions the relative 
velocity is found by compounding velocities by means of 
the parallelogram of velocities. 

24. Ex. ^ train is travelling along a horizontal rail at the rate 
of 80 miles per hour^ and rain is driven hy the wind^ which is in the 
same direction as the motion of the train, so that it falls with a ve- 
locity of 22 feet per second and at an angle of 30° with the vertical. 
Find the apparent direction of the rain to a person travelling with the 
train. 

The velocity of the train is 44 feet per second. 



Let AB represent the actual velocity of the rain so that, if AE be 
a vertical line, the angle EAB is 30"". 

Draw AC horizontal and opposite to the direction of the train and 
let it represent in magnitude the velocity, 44 feet per second, of the 
train. 

Complete the parallelogram ABDC. 

Join ADf and let the angle EAD be 0. 

AD is the apparent direction of the rain. 

From the triangle BAD, we have 

BD _ sm DAB _ sin {0 + 30°) 

AB^ BinBDA^ cos^ 

44 sin ^ cos 30°+ cos ^ sin 30° , . oao . • oao 

/. ss = :i = tan cos 30° + sm 30° . 

22 cos ^ 
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.-. tand=>/3=tan60°. 

Hence is 60^ It follows, since BAD is a right angle, that the 
apparent direction of the rain is at right angles to its real direction. 



EXAMPLES, n. 

1. A railway train, moving at the rate of 30 miles per hour, is 
struck by a stone, moving horizontally and at right angles to the train 
vdth a velocity of 33 feet per second. Find the magnitude and 
direction of the velocity with which the stone appears to meet the 
train. 

2. One ship is sailing due east at the rate of 12 miles per hour, 
and another ship is sailing due north at the rate of 16 miles per hour; 
find the relative velocity of the second sliip with respect to the first. 

3. One ship is sailing south with a velocity of 15 iJ2 miles per 
hour, and another south-east at the rate of 15 miles per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an observer on the first vessel. 

4. A ship is sailing north-east with a velocity of 10 miles per 
hour, and to a passenger on board the wind appears to blow from the 
north with a velocity of 10 J^ miles per hour. Find the true velocity 
and direction of the wind. 

5. A ship steams due west at the rate of 15 miles per hour 
relative to the current which is flowing at the rate of 6 miles per hour 
due south. What is the velocity relative to the ^ip of a train going 
due north at the rate of 30 miles per hour? 

6. In a tunnel, drops of water which are falling from the roof 
are noticed to pass the carriage window in a direction making an 
angle tan~^ \ with the horizon, and they are known to have a velocity 
of 24 feet per second. Neglecting the resistance of the fdr, find the 
velocity of the train. 

7. To a man wal^g at the rate of 2 miles an hour the rain 
appears to fall vertically ; when he increases his speed to 4 miles per 
hour it appears to meet him at an angle of 45^; find the real direction 
and speed of the rain. 

8. A ship is going due north with velocity v\ the smoke from the 
chimney points 6 degrees south of east. If the wind be from due 
west, find its velocity. 

L. D. 2 
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9. A railway train is moying at the rate of 28 miles per hour, 
when a pistol shot strikes it in a direction making an angle sin~^ f 
with the train. The shot enters one compartment at the comer 
furthest from the engine and passes out at the diagonally opposite 
corner; the compartment heing 8 feet long and 6 feet wide^ shew that 
the shot is moving at the rate of 80 miles per hour, and traverses 
the carriage in ^ths of a second. 

10. Two trains, each 200 feet long, are moving towards each 
other on parallel lines with velocities of 20 and 30 miles per hour 
respectively. Find the time that elapses from the instant when they 
first meet until they have cleared each other. 

11. The wind blowing exactly along a line of railway, two trains, 
moving with the same speed in opposite directions, have the steam 
track of the one double that of the other; shew that the speed of 
each train is three times tiiat of the wind. 

12. One ship, sailing east with a speed of 15 miles per hour, passes 
a certain point at noon; and a second ship, sailing north at the 
same speed, passes the same point at 1.80 p.m.; at what time are they 
closest together, and what is the distance then? 

13. A ship steaming north at the rate of 12 miles per hour 
observes a ship, due east of itself and distant 10 mUes, which is 
steaming due west at the rate of 16 miles per hour ; after what time 
are they at the least distance from one another and what is this least 
distance? 

14. Two points are started simultaneously from points A and B 
which are 5 feet apart, one from A towards B with a velocity which 
would cause it to reach B in 3 seconds, and the other at right angles 
to the direction of the former with J of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them, and the time when they are nearest. 

15. A ship is sailing due east, and it is known that the wind is 
blowing from the north-west, and the apparent direction of the wind 
(as shewn by a vane on the mast of the ship^ is from N.N.E.; shew 
that the speed of the ship is equal to that of tne wind. 

16. A person travelling eastward at the rate of 4 miles per hour, 
finds that the wind seems to blow directly from the north ; on doubling 
his speed it appears to come from the north-east; find the direction 
of the wind and its velocity. 

17. A person travelling toward the north-east, finds that the wind 
appears to blow from the north, but when he doubles his speed it 
seems to come from a direction inclined at an angle cot~^ 2 on the 
east of north. Find the true direction of the wind. 

18. Two points move with velocities v and 2t7 respectively in 
opposite directions in the circumference of a circle. In what positions 
is their relative velocity greatest and least and what values has it 
then? 
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25. Angular Velocity. Def. If a point P he in motion 

in a plane, cmd if he a fixed point in the plane and OA a 

fixed straight line drawn through 0, then the rate at which 

the angle AOP increases is caUed the angular velocity of the 
moving point P about 0. 

When uniform, the angular velocity is measured by the 
number of radians in the angle which is turned through by 
OP in a unit of time. 

"When variable, it is measured at any instant by what 
would be the angle turned through by the line OP in a 
unit of time, if during that unit it continued to turn at the 
same rate as at the instant under consideration. 

Ezs. 1^ the line OP torn through 4 right angles {i,e, 2t radians) 
in one second, the angular velooity is 2t. 

If it turn through three-quarters of a right angle in one second, 
the angular velocity is ^ • n^ or -g- . 

If OP make 7 revolutions in one second, the angular velocity is 
7 X 2ir or 14t. 

26. The angular velocity can always be expressed in 
terms of the linear velocity when the path is known. 

The only case that we shall consider is when the 
angular velocity is uniform, and the moving point P is 
describing a circle about the fixed point as centre. 




If a moving point -describe a circle its angular velocity 

2—2 
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abotU the centre of the circle is equal to its speed divided by 
the radium of the circle^ 

Let F be the position of the moving point at any time, 
and in the unit of time let the point describe the arc FQ, 
In this time the line OP turns through the angle POQ, 
Hence the angular velocity is equal to the number of 
radians in the angle POQ, 

But the number of radians in POQ = ^ . 

Also, since the arc PQ is described in one second, it is 
equal to the speed v. 

Hence, if co be the angular velocity and r the radiu^ of 
the circle, we have 

V 

(I)--, 
r 

i.e. v — r<o, 

Exs. If the moving point describe a circle of 3 feet radius with 
unit angular velocity, the speed is given by v=3 . 1=3 feet per second. 

If the moving point describe a circle of 5 feet radius with speed 
8 feet per second, its angular velocity (a is given by a;=f radian per 
second. 

EXAMPLES, m. 

**9. -4 wheel rolls uniformly on the ground, without sliding, its 
centre describing a straight line; to find the velocities of different 
points of its rim. 

Let be the centre and r the radius of the wheel, and let v be 
the velocity with which the centre advances. Let A be the point of 
the wheel in contact with the ground at any instant. 

Now the wheel turns uniformly round its centre whilst the centre 
moves forward in a- straight line ; also, since each point of the wheel 
in succession touches the ground, it follows that any point of the 
wheel describes the perimeter of the wheel relative to the centre, 
whilst the centre moves through a distance equal to the perimeter ; 
hence the velocity of any point of the wheel relative to the centre is 
equal in magnitude to the velocity v of the centre. 

Hence any point P of the wheel possesses two velocities each 
equal to v, one along the tangent, PT, at P to the circle, and the 
other in the direction, PM, in which the centre is moving. 
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Hence velocity of -4 =t> - »=0, and bo ii is at rest for the instant. 
So velocity of JB = v + 1; = 2t;. 




Consider the motion of any other point P. It has two velocities, 
each equal to v along PM and PT respectively. 

Now the I MPT= L POB=e (say). 

The resnltant of these two velocities t; is a velocity 2i;oos ^ along 

mi. 

PL, where 



lLPT=^=iOPA, 



Hence z APL = L OPT- a right angle. 

.*. the direction of motion of the point P is perpendicular to AP, 
and its angular velocity about A 



6 
2v cos s 2v cos jr 
2 ?_'*^ 

AP "_ e~r 
2rooB~ 

r=the angular velocity of the wheel about O. 

Hence each point of the wheel is turning about the point of con- 
tact of the wheel with the ground, with a constant angular velocity 
whose measure is the velocity of the centre of the wheel divided by 
the radius of the wheel. 

1. A wheel turns about its centre, making 200 revolutions per 
minute ; what is the angular velocity of any point on the wheel about 
the centre? 

2. A wheel turns about its centre, making 4 revolutions per 
second ; what is the angular velocity of any point on the wheel about 
the centre and what is its linear velocity, if the radius of the wheel 
be 2 feet? 
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3. If the minute hand of a clock be 6 feet long, find the velocity 
of l£e end in feet per second. 

What is its angular velocity? 

4. Compare the velocities of the extremities of the hour, minute, 
and second hands of a watch, their lengths being '48, -8, and *24 
inches respectively. 

5. A treadwheel, with axis horizontal and of diameter 40 feet, 
makes one revolution in 40 seconds. At what rate per hour does a 
man upon it walk over its surface, supposing he always keeps at the 
same height above the>ground? 

6. From a train moving with velocity V a carriage on a road 
parallel to the line, at a distance d from it, is observed to move so as 
to appear always in a line with a more distant fixed object whose 
least distance from the railway is D. Find the velocity of the 
carriage. 

7. A point moves in a circle with uniform speed ; shew that its 
angular velocity about any point on the circumference of the circle is 
constant. 

8. A string has one end attached to the corner of a square 
board placed on a smooth horizontal table and is wound round the 
square carrying a particle at its other end ; the particle is projected 
with velocity u at right angles to the side of the square whose side 
is a ; if the length of the string be 4a, find the time that the string 
takes to unwrap itself from the square, assuming that the speed of the 

jsartide remains the same throughout the motion. 



X" 



10, An engine is travelling at the rate of 60 miles per hour and its 
wheel is 4 feet in diameter; find the velocity and direction of motion 
of each of the two points of the wheel which are at a height of 3 feet 
above the ground. 

11, If a railway carriage be moving at the rate of 30 miles per 
hour and the diameter of its wheel be 3 feet, what is the angular 
velocity of the wheel when there is no sliding? find also the relative 
velocity of the highest point of the wheel with respect to the centre. 

12, If a railway carriage be moving at the rate of 30 miles per 
hour and the radius of the wheel be 2 feet, what is the angular velocity 
of the wheel when there is no sliding? Also what is the relative 
velocity of the highest point of the wheel with respect to the centre? 

13, The wheel of a carriage is of radius 2 feet and the carriage 
is moving at the rate of 10 miles per hour ; if there be no slipping, 
find the velocity of the highest point, and also the velocities of points 
which are at heights of 1 and 3 feet respectively above the ground. 
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Suppose a point at any in- 




27. Change of Velocity, 
stant to be moving with a 
velocity represented by OA, 
and that at some subsequent 
time its velocity is repre- 
sented by OB. 

Join AB, and complete 
the parallelogram OABC. 

Then velocities repre- 
sented by OA, 00 are equivalent to the velocity OB. 
Hence the velocity 00 is the velocity which must be com- 
pounded with OA to produce the velocity OB. The velocity 
00 is therefore the change of velocity in the given time. 

Thus the change of velocity is not, in general, the 
difference in magnitude between the magnitudes of the 
two velocities, but is that velocity which compounded with 
the original velocity gives the final velocity. 

The change of velocity is not constant unless the change 
is constant both in magnitude and direction. 

EXAMPLES. IV. 

1. A point is moying with a velocity of 10 feet per second, and 
at a subsequent instant it is moving at the same rate in a direction 
inclined at 30° to the former direction; find the change of velocity. 
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It is not^ in genenl, tiie ame fine as the «,— — 
c&lly shortest Hne that can be drawn from the gH^en point 
to the curve. F«p example, the straight line dovn which 
the time from a given point to a given ^ane is kast, is 

not the perp^adicnlar from the given point npcm the grren 

plane, 

49, Theorail. Tke chord q/" ^idoe^ dexetU from a. 
Qiim\ poffil F to a curve in tke nme wertkal plane is PQy 
where Q is a point an the cune smeh thai a arcU, hmn^ P 
«« i^ higher point, touches the cum at Q. 

For let a oirde be drawn, having its highest point at 
^*i to touoh the given curve externally in <?. Take aity 




K^t i^^ meet the circle 



WU Z* 




1 




^^^^Ij^ it 
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On drawing the figure, as in the last article, we have OA = OB = 10, 
and the angle AOB=^QP, 

Since OA = OB, we have z OAB=75°, and therefore Z AOC=105^. 
Also ^B=204 sinl5°=20. ^^=5(^6-^/2). 

Hence the change in the velocity, i.e., OC, is 5{^Q-^2) in a 
direction inclined at 105° to the original direction of motion. 

2. A ship is observed to be moving eastward with a velocity of 
3 miles per hour, and at a subsequent instant it is found to be moving 
northward at the rate of 4 miles per hour; find the change of 
velocity. 

3. A point is moving with a velocity of 5 feet per second, and at 
a subsequent instant it is moving at the same rate in a direction 
inclined at 60° to its former direction ; find the change of velocity. 

4. A point is moving eastward with a velocity of 20 feet per 
second, and one hour afterwards it is moving north-east with the same 
speed ; find the change of velocity. 

5. A point is describing with uniform speed a circle, of radius 
7 yarids, in 11 seconds, starting from the end of a fixed diameter; find 
the change in its velocity after it has described one-sixth of the cir- 
cumference. 

28. Acceleration. Def. The acceleration of a irhoving 
point is the rate of change of its velocity. 

Note that the acceleration of a moving point has both 
magnitude and direction. 

The acceleration is uniform when equal changes of 
velocity take place in equal intervals of time, however 
small these intervals may be. 

"When uniform, the acceleration is measured by the 
change in the velocity in a unit of time; when variable, 
it is measured at any instant by what would be the change 
of the velocity in a unit of time, if during that time the 
acceleration continued the same as at the instant under 
consideration. 

29. The magnitude of the unit of acceleration is the 
acceleration of a point which moves so that its velocity 
is changed by the unit of velocity in each unit of time. 
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Hence a point is moving with n units of acceleration 
when its velocity is changed by n units of velocity in each 
unit of time. 

30. Theorem. Parallelogram of Accelerations. If a 
moving point have siinulta/neously two accelerations repre- 
sented in magnitfide and direction hy ttvo sides of a pa/ral- 
lelogram dfawn from a pointy they a/re equivalent to am, 
acceleration represented hy the diagonal of the parallelogramh 
passing through that am/guUx/r point 

Let the accelerations be represented by the sides AB^ 
AC of the parallelogram ABDG, i.e. let AB, AC represent 
the velocities added to the velocity of the point in a unit of 
time. On the same scale let EF represent the velocity which 
the particle has at any instant. Draw the parallelogram 
EKFL having its sides parallel to AB and AC] produce 



EK to M, and EL to iT, so that JO/, LN are equal to -45, 
AC respectively. Complete the parallelograms as in the 
above figure. 

Then the velocity EF is equivalent to velocities EK^ 
EL. But in the unit of time the velocities KM^ LN a,re 
the changes of velocity. 

.'. at the end of a unit of time the component velocities 
are equivalent to EM, EN, which are equivalent to EG, 



\ 
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and this latter velocity is equivalent to velocities EF, F0> 

(Art. 16). 

.*. in the unit of time FO is the change of velocity of the 

moving point, i.e. FO is the resultant acceleration of the 

point. 

But FO is equal and parallel to AD, 

Hence AD represents the acceleration which is equi- 
valent to the accelerations AB and AG^ i.e. AD is the 
resultant of the accelerations AB and AC. 

31. It follows from the preceding article that accelera- 
tions are resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13 — 19 
will be true when we substitute " acceleration " for " velo- 
city." 

32. Theorem. A point moves in a straight line, starting 
with velocity u, a/nd moving with constant a>cceleraiion f in 
its direction of motion ; if v he its velocity at the end of 
time t, and s be its distance at that insta/nt from its sta/rti/ng 

point, then 

(1) V = tt+/J5, 

(2) s = ut + lff, 

(3) v» = w« + 2/». 

(1) Since /denotes the acceleration, i.e., the change in 
the velocity per unit of time, ft denotes the change in the 
velocity in t units of time. 

But, since the particle possessed u units of velocity 

initially, at the end of time t it must possess u -^ft units 

of velocity, i.e. 

v = u -{-ft 

(2) The velocity increases uniformly throughout this 
interval t Hence the velocity at any instant, preceding 
the middle of this interval by time T, is as much less than 
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the velocity at the middle of the interval, as the velocity at 
a moment at the same time T after the middle of the 
interval is greater than the velocity at the middle of this 
interval. 

Hence the space described in time t is the same as 
would be described by a point moving uniformly with the 
velocity at the middle of the interval. 

But the velocity at the middle of the interval = u +/, ^ , 

^y (1). 

(3) The third relation can be easily deduced from the 
first two by eliminating t between them. 

For, from (1), ^ = {u +ftf 

.-. by (2), v» = w2 + 2/«. 

33. Alternative proof of equation (2), 

Let the time t be divided into n equal intervals, each equal to r, 
so that t=nr. 

The velocities of the point at the beginnings of these successive 
intervals are 

tt, tt+/r, w+2/«, M + (n-l)/T. 

Hence the space s-^ which would he moved through by the point, if it 
moved daring eacn of these intervals r with the velocity which it has 
at the beginning of each, is 

«i=w.T + [w+/r].r + +[w+/(n-l)T].T 

=n,UT+fT^. {1 + 2 + 3 + (n-l)} 

. „ n (n - 1) 
=n.WT+/r2.-^-2-^ 



=ti« + i/«2.(l-i^, si 



t 
smce T=- . 
n 
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Also the velocities at the ends of these sneoessiye intervals are 

«+/t, tt + 2/r, u-\-nfT, 

Hence the space s^ which wovM he moved through by the point, if 
it moved during each of these intervals r with the velocity which it 
has at the end of each, is 

«2=(M+/T).r + (tt + 2/T).T+ + (tt + n/T).T 

=nttT+/T2 (1 + 2 + 8 +n) 

=w«+J/<*[l + -), as before. 

Now the true space « is intermediate between s^ and s^ ; also the 
larger we make n and therefore the smaller the intervals r become, 
the more nearly do the two hypotheses approach to coincidence. 

If we make n infinitely large the values of s^ , 8, both become 
ut + J/f^ 

Hence «=ttt+J/t*. 

34. "When the moving point starts from rest we have 
w = 0, and the formulae of Art. 32 take the simpler forms 

v^ = 2/5. 

35. Space described in any paHicula/r second. 

[The student will notice carefully that the formula (2) of Art. 32 
gives, not the space traversed in the t^ second, but that traversed in 
t seconds.] 

The space described in the ^^ second 

= space described in t seconds — space described in (^ — 1) 
seconds 

= [m< + i/l»] -[«(<- 1) + i/(< - 1)'] 

= M + i/^[<' -(«-!)»] 
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Hence the spaces described in the first, second, third, 
.... nth seconds of the motion are 

w + i/, M + f/; ... w + — 2 — f^ 

These distances form an arithmetical progression whose 
common difference is/ 

Hence, if a body move with a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose common difference is equal to 
the number of units in the acceleration. 

36. The space described in any particular second may be other- 
wise found as follows. As in Art. 32, the space described in the V^ 
second is the same as that which would be described if the point 
moved during that second with the velocity which it has at the 
middle of that second. 

Now the velocity at the middle of thei''^ second 
= velocity at the end of time (t - }) 

=w+/(t-i). 
.*. space described in the t^^ second 



37. Ex. 1. A train, which is moving at the rate of 60 miles per 
houry is brought to rest in 3 minutes with a uniform retardation ; find 
this retardation^ and also the distance that the train travels before 
coming to rest, 

60 miles per hour= — ^^ — ^^ — =88 feet per second. 
'^ 60 X 60 

Let / be the acceleration with which the train moves. 

Since in 180 seconds a velocity of 88 feet per second is destroyed, 
we have (by formula (i), Art. 32) 

0=88+/ (180). 

22 

.*. /= - -rr ft.-seo. units. 

[N.B. /has a negative value because it is a retardation.] 
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Let a; be the distance described. By formula (3), we have 

45 

.-. a;=88axT^= 7920 feet. 

44 

Ex. 2. A point is moving with uniform acceleration; in the 
eleventh and fifteenth seconds from the commencement it moves through 
24 and B2feet respectively ; find its initial velocity y and the acceleration 
with which it moves. 

Let u be the initial velocity, and /the acceleration. 

Then 24= distance described in the eleventh second 

= [u . 11 + i/. 112] -[w. 10 + J/. 102]. 

/. 24=tt+V/- (1). 

So 32= [M . 15 + 4/. 15*] - [u . 14 + if. 14«]. 

.-. 32=w + W. (2). 

Solving (1) and (2), we have m=3, and /=2. 

Hence the point started with a velocity of 3 feet per second, and 
moved with an acceleration of 2 ft.-sec. units. 

EXAMPLES. V. 

1. The quantities u, f v, s, and t having the meanings assigned 
to them in Art. 32, 

(1) Given u= 2, /= 3, t= 6, find v and s; 

(2) Given u= 7, /= -1, «= 7, find v and «; 

(3) Given u= 8, v= 3, «= 9, find / and t; 

(4) Given t7= -6, s= -9, /= -f, find u and t. 
The units of length and time are a foot and a second. 

2. A body, starting from rest, moves with an acceleration equal to 
2 ft.-sec. units; find the velocity at the end of 20 seconds, and the space 
described in that time. 

3. In what time would a body acquire a velocity of 30 miles per 
hour, if it started with a velocity of 4 feet per second and moved with 
the ft.-sec. unit of acceleration? 

4. With what uniform acceleration does a body, starting from rest, 
describe 1000 feet in 10 seconds ? 

5. A body, starting from rest, moves with an acceleration of 3 
centimetre-second units; in what time will it acquire a velocity of 
30 centimetres per second, and what space does it move through in 
that time ? 
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6. A point starts with a velocity of 100 cms. per second and moves 
with -2 centimetre-second units of acceleration. When will its 
velocity be zero, and how far will it have gone? 

7. A body, starting from rest and moving with uniform accelera- 
tion, describes 171 feet in the tenth second ; find its acceleration. 

8. A particle is moving with uniform acceleration ; in the eighth 
and thirteenth second after starting it moves through 8^ and 7i feet 
respectively; find its initial velocity and its acceleration. 

9. In two successive seconds a particle moves through 20^ and 
23^ feet respectively; assuming that it was moving with uniform 
acceleration, find its initial velocity and its acceleration. Find also 
how far it had moved from rest before the commencement of the 
first second. 

10. A point, moving with uniform acceleration, describes in the 
last second of its motion ^ths of the whole distance. If it started 
from rest, how long was it in motion and through what distance did 
it move, if it described 6 inches in the first second? 

11. A point, moving with uniform acceleration, describes 25 feet 
in the half second whidb elapses after the first second of its motion, 
and 198 feet in the eleventh second of its motion ; find the acceleration 
of the point and its initial velocity. 

12. A body moves for 3 seconds with a constant acceleration 
during which time it describes 81 feet; the acceleration then ceases 
and during the next 3 seconds it describes 72 feet ; find its initial 
Telocity and its acceleration. 

13. The speed of a train is reduced from 40 miles an hour to 10 
miles per hour whilst it travels a distance of 150 yards ; if the re- 
tardation be uniform, find how much further it will travel before 
coming to rest. 

14. A point starts frqm rest and moves with a uniform accelera- 
tion of 18 ft.-sec. units ; find the time taken by it to traverse the first, 
second, and third feet respectively. 

15. A particle starts from a point O with a uniform velocity of 
4 feet per second, and after 2 seconds another particle leaves in the 
same direction with a velocity of 5 feet per second and with an 
acceleration equal to 3 ft.-sec. units. Find when and where it will 
overtake the first particle. 

16. A point moves over 7 feet in the first second during which it 
is observed, and over 11 and 17 feet in the third and sixth seconds 
respectively; is this consistent with the supposition that it is subject to 
a uniform acceleration? 

17. A point is moving in a north-east direction with a velocity 6, 
and has accelerations 8 towards the north and 6 towards the east. Find 
its position after the lapse of one second. [The units are a foot and 
second.] 



CHAPTER III. 



Motion under Gravity. 
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38. Acceleration of falling bodies. When a heavy body 
of any kind falls toward the earth, it is a 
matter of everyday experience that it goes 
quicker and quicker as it falls, or, in other 
words, that it moves with an deceleration. 
That it moves with a constant acceleration 
may be roughly shewn by the following ex- 
periment first performed by Morin. 

A circular cylinder covered with paper is 
connected with clock-work and made to rotate 
about its axis which is vertical. In front of 
the cylinder is an iron weight, carrying a pencil 
P, which is compelled by guides to fall in a 
vertical line and is so arranged that the tip 
of the pencil just touches the paper on the 
surface of the cylinder. 

When the cylinder is revolving uniformly, the weight 
is allowed to drop and the pencil traces out a curve on 
the paper. When the weight has reached the ground the 
paper is unwrapped and stretched out on a flat surface. 
The curve marked out by the pencil is found to be such 
that the vertical distances described by the pencil from the 
beginning of the motion are always proportional to the 



B 
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squares of the horizontal distances described by it. Now 
since the cylinder revolved uniformly, these horizontal dis- 
tances are proportional to times that have elapsed from the 
commencement of the motion. Hence the vertical distance 
described is proportional to the square of the time from 
the commencement of the -motion. 

But, from Art. 34, we know that, if a point move from 
rest with a constant acceleration, the space described is 
proportional to the square of the time. 

Hence we infer that a falling body moves with a con- 
stant acceleration. 

39. From the results of the foregoing, and other more 
accurate, experiments we learn that, if a body be let fall 
towards the earth in v<Kyuo, it will move with an acceleration 
which is always the same at the same place on the earth, 
but which varies slightly for different places. 

The value of this acceleration, which is called the 
"acceleration due to gravity," is always denoted by the 
letter "^.'^ 

When foot-second units are used, the value of g varies 
from about 32*091 at the equator to about 32*252 at the 
poles. In the latitude of London its value is about 32*19. 

When centimetre-second units are used, the extreme 
limits are about 978 and 983 respectively, and in the 
latitude of London the value is about 981. 

The best method of determining the value of "^" is by 
means of pendulum experiments; we shall return to the 
subject again in Chapter XI. 

[In <dl numerical examples, unless it is otherwise stated, 
the motion Tnay he supposed to he in vacuo, a/nd the value 
of g taken to he 32 when foot- second units, and 981 when 
centvinetre-second units, are used,"] 

L. D. 3 
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40. Vertical motion under gravity. Suppose a body is 
projected vertically from a point on the earth's surface so 
that it starts with velocity u. The acceleration of the body 
is opposite to the initial direction of motion, and is therefore 
denoted by — </. Hence the velocity of the body continually 
gets less and less until it vanishes j the body is then for an 
instant at rest, but immediately begins to acquire a velo- 
city in a downward direction, and retraces its steps. 

41. Time to a given height The height h at which 
a body has arrived in time t is given by substituting -g 
for /in equation (2) of Art. 32, and is therefore given by 

h^ut — \gf. 

This is a quadratic equation with both roots positive ; the 
lesser root gives the time at which the body is at the given 
height on the way up, and the greater the time at which 
it is at the same height on the way down. 

Thus the time that elapses before a body, which starts with a 
Telocity of 64 feet per second, is at a height of 28 feet is given by 

28=64t - 16^2, whence t=\ or J. 

Hence the particle is at the given height in half a second from the 
commencement of its motion, and again in 8 seconds afterwards. 

42. Velocity at a given height. 

The velocity v at a given height h is, by equation (3) of 

Art. 32, given by 

^ = v?— 2gh, 

Hence the velocity at a given height is independent of the 
time, and is therefore the same at the same point whether 
the body is going upwards or downwards. 

43. GreeUeat height aUained, 

At the highest point the velocity is just zero ; hence, if 
X be the greatest height attained, we have 

= v^'2gx, 
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.*. greatest height attained = o- • 

Also the time T to the greatest height is given by 

O-^u-gT. 

• • ^ — • 

9 

44. Velocity due to a given vertical /all /ram rest. 

If a body be dropped from rest, its velocity after falling 
through a height h is obtained by substituting 0, g, h for 
Uy/y sin. equation (3) of Art. 32 ; 

.'. v = j2gh. 
EXAMPLES. VL 

1. A body is projected from the earth vertically with a velocity of 
40 feet per second; find (1) how high it will go before coming to rest, 
(2) what times will elapse before it is at a height of 9 feet. 

2. A particle is projected vertically upwards with a velocity of 
40 feet per second. Find (i) when its velocity will be 25 feet per 
second, and (ii) when it will be 25 feet above the point of pro- 
jection. 

3. A stone is thrown vertically upwards with a velocity of 
60 feet per second. After what times will its velocity be 20 feet 
per second, and at what height will it then be? 

4. Find (1) the distance fallen from rest by a body in 10 seconds, 
(2) the time of falling 10 feet, (3) the initial vertical velocity when the 
body describes 1000 feet in 10 seconds. 

5. A stone is thrown vertically into a mine-shaft with a velocity 
of 96 feet per second, and reaches the bottom in 3 seconds ; find the 
depth of the shaft. 

6. A body is projected from the bottom of a mine, whose depth 
is 88 p feet, with a velocity of 24 g feet per second ; find the time in 
which the body, after rising to its greatest height, will return to the 
surface of the earth again. 

7. The greatest height attained by a particle projected vertically 
upwards is 225 feet ; find how soon after projection the particle will 
be at a height of 176 feet. 

3—2 
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8. A body moying in a vertioal direction passes a point at a 
height of 54*5 centimetres with a velocity of 436 centimetres per 
second; with what initial velocity was it thrown np, and for how 
much longer will it rise? 

9. A particle passes a given point moving downwards with a 
velocity of fifty metres per second; how long before this was it moving 
upwards at the same rate? 

10. A body is projected vertically npwards with a velocity of 
6540 centimetres per second ; how high does it rise, and for how long 
is it moving npwards? 

11. Given that a body falling freely passes through 176*99 feet in 
the sixth second, find the value of g. 

12. A falling particle in the last second of its fall passes through 
224 feet. Find the height from which it fell, and the time of its 
falling. 

13. A body falls freely from the top of a tower, and during the 
last second of its fiight faUs ^f ths of the whole distance. Find the 
height of the tower. 

14. A body falls freely from the top of a tower, and during the 
last second it falls -fiiihB of the whole distance. Find the height of the 
tower. 

15. A stone A is thrown vertically upwards with a velocity of 
96 feet per second ; find how high it will rise. After 4 seconds from 
the projection of A^ another stone B is let fall from the same point. 
Shew that A will overtake B after 4 seconds more. 

16. A body is projected upwards with a certain velocity, and it is 
found that when in its ascent it is 960 feet from the ground it takes 
4 seconds to return to the same point again ; find the velocity of pro- 
jection and the whole height ascended. 

17. A body projected vertically downwards described 720 feet in 
t seconds, and 2240 feet in 2t seconds ; find t, and the velocity of pro- 
jection. 

18. A stone is dropped into a well, and the sound of the splash is 
heard in 7^ seconds ; if the velocity of sound be 1120 feet per second, 
find the depth of the well. 

19. A stone is dropped into a well and reaches the bottom with a 
velocity of 96 feet per second, and the sound of the splash on tibe watw 
reaches the top of the well in 3^ seconds from tilie time the stone 
starts; find the velocity of sound. 

20. Assuming the acceleration of a falling body at the surface of 
the moon to be one-sixth of its value on the earth's surface, find the 
height to which a particle will rise if it be projected vertically upward 
from the surface of the moon with a velocity of 40 feet per second. 
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45. Motion down a smooth inclined plane. 

Let AB hQ the vertical section of a smooth inclined 




plane incKned at a given angle a to the horizon, and let P be 
a body on the plane. 

If there were no plane to stop its motion, the body would 
fall vertically with an acceleration g. 

Now, by the parallelogram of accelerations, a vertical 
acceleration g is equivalent to 

(1) an acceleration g cos a perpendicular to the plane 
in the direction Pi?, 

and (2) an acceleration g sin a down the plane. 
The plane prevents any motion perpendicular to itself. 

Hence the body moves down the plane with an ac- 
celeration g sin a, and the investigation of its motion is 
similar to that of a freely falling body, except that instead 
of g we have to substitute g sin a. 

It follows at once that the velocity acquired in sliding 
from rest down a length I of the plane 

= J2g sin a . ^ = J2g . ^ sin a = J2g . PN, 

and is therefore the same as that acquired by a particle 
in falling freely through a vertical height equal to that of 
the plane. 



38 DYNAMICS. 

46. If the body be projected up the plane with initial 
velocity u^ an investigation similar to that of Arta 41 — 
43 will give the motion. The greatest distance attained, 

measured up the plane, is rz — -, — ; the time taken in tra- 
*^ '^ 2^ sin a' 

versinff this distcuice is — : — , and so on. 

g sin a 



EXAMPLES. Vn. 

1. A body is projected with a velocity of 80 feet per second up a 
smooth inclined plane, whose inclination is 30°; find the space 
described, and the time that elapses, before it comes to rest. 

2. A heavy particle slides from rest down a smooth inclined 
plane which is 15 feet long and 12 feet high. What is its velocity 
when it reaches the ground, and how long does it take? 

3. A particle sliding down a smooth plane, 16 feet long, acquires 
a vdocity of 16 J2 feet per second; find tiie inclination of the plane. 

4. What is the ratio of the height to the length of a smooth 
inclined plane, so that a body may be four times as long in sliding 
down the plane as in falling freely down the height of the plane start- 
ing from rest? 

5. A particle is projected (1) upwards, (2) downwards, on a plane 
which is inclined to the horizon at an angle sin~^ f ; if the initial 
velocity be 16 feet per second in each case, find the spaces described 
and the velocities acquired in 4 seconds. 

6. A particle slides without friction down an inclined plane, and 
in the 5th second after starting passes over a distance of 2207*25 centi- 
metres ; find the inclination of the plane to the horizon. 

7. AB is a vertical diameter of a cirde, whose plane is vertical, 
and PQ a diameter inclined at an angle B to AB, Find so that the 
time of sliding down PQ may be twice that of sliding down AB, 



47. Theorem. Ths time that a body takes to slide doum 
any smooth chord of a vertical circle, which is drawn from 
the highest point of the circle^ is constant. 

Let AB he s, diameter of a vertical circle, of which A is 
the highest point and AD any chord. 



MOTION UNDER GRAVITY. 



39 



Let I DAB = 0; and put AD-o^ AB^a^ so that 

x^a cos 0. 




As in the last article, the acceleration down AD 1% 
gcoaO. Let T be the time from A to D, Then AD is 
the distance described in time ^ by a particle starting 
from rest and moving with acceleration g cos 0. 

:. x=yco&e.T\ 



■■• '■-v^ 



2x 




g C0&6 

This result is independent of 6, and is the same as the 
time of falling vertically through the distance AB. 

Hence the time of falling down all chords of this circle 
beginning at ^ is the same. 

The same theorem will be found to be true for all chords 
of the same circle ending in the lowest point. 

48. Lines of quickest descent. The line of quickest 
descent from a given point to a curve in the same vertical 
plane is the straight line down which a body would slide 
from the given point to the given curve in the shortest 
time. 
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It is not, in general, the same line as the geometri- 
cally shortest line that can be drawn from the given point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least, is 
not the perpendicular from the given point upon the given 
plane. 

49. Theorem. The chord of quickest descent from a 
given point F to a cv/rve in tlie sa/me vertical plane is PQ, 
where Q is a point on the cv/rve such t/iat a circle, having P 
as its highest pointy Uruches tlie curve at Q, 

For let a circle be drawn, having its highest point at 
P, to touch the given curve externally in Q, Take a/ny 




other point Q^ on the curve, and let PQi meet the circle 
again in R, 

Then since PQ^ is > PR, 

.*. time down PQi is > time down PR. 
But time down PR = time down PQ (Art. 47), 

/. time down PQ^ is > time down PQ, 
and Q^ is any point on the given curve. 
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.*. time down PQ is less than that down any other straight 
line from P to the given curve. 

50. Similarly it may be shewn that, if we want the 
chord of quickest descent from a given curve to a given 
point P, we must describe a circle having the given 
point P as its lowest point to touch the curve in Q ; then 
QP is the required straight line. 

Ex. 1. To find the straight line of quickest descent from a given 
point F to a given straight line which is in the same vertical plane as P. 

Let BC be the given straight line. Then we have to describe a 
circle having its hi^est poiat at P to touch the given straight line. 




Draw PB horizontal to meet BC in B. From BC cut off a portion 
BQ equal to BP, Then PQ is the required chord; for it is dear 
that a circle can be drawn to touch BP and BQ at P and Q re- 
spectively. 

Ex. 2. To find the line of quickest descent from a given point to a 
given circle in the same vertical plane. 

Join P to the lowest point B of the given circle to meet the circle 
again in Q. Then PQ is the required line. For join 0, the centre of 
ihe circle, to Q and produce to meet the vertical line through P in C 

The z QPC=: L OBQ, since OBj CP are parallel 

= I oq;b= l CQP. 
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:. a oirole whose centre is C, and radius CP^ will have its highest 
point at P and will touch the given circle at Q. 




If P be within the given circle, join P to the highest point and 
produce to meet the circumference in Q ; then FQ will be the required 
line. 

51. Ex. 1. 4 ^^9^ ^^ ^ mine-shaft descends with 2ft,'See, units of 
acceleration. After it has been in motion for 10 seconds a particle is 
dropped on it from the top of the shaft. What tMne elapses before the 
particle hits the cage ? 

Let T be the time that elapses after the second particle starts. 
The distance it has fallen through is therefore \gT\ The cage has 
been in motion for (T+10) seconds, and therefore the distance it has 
-fallen through is 

i.2(r+10)a or (r+10)3. 

/. we have (T-{-lQif=\gT^=zUT^. 

:. r+10=4T. 

.*. T=Si seconds. 

Ex. 2. -4 stone is thrown vertically vjith the velocity which would 
just carry it to a height of KXifeet. Two seconds later another stone is 
projected vertically from the same place with the same velocity; when 
and where will they meet t 

Let u be the initial velocity of projection. Since the greatest 
height is 100 feet, we have 

0=u^-'2g.l00. 
/. w=ys/2^. 100=80. 

Let T be the time after the first stone starts before the two stones 
meet. 



MOTION UNDER GRAVITY. 43 

Then the distanoe traversed by the first stone in time T= distance 
traversed by the second stone in time (T - 2). 

/. 8or-j^r2=80(r-2)-}^(r-2)9 

=8or-i60-i^(r»-4r+4). 

/. 160=Jp(4T-4)=16(4T-4). 
T=3i seconds. 

Also the height at which they meet = SOT - i^T^ 

= 280-196=84 feet. 

The first stone will be coming down and the second stone going 
upwards. 

EXAMPLES. Vm. 

1. From a balloon, ascending with a velocity of 32 ft. per second, 
a stone is let fall and reaches the ground in 17 seconds; how high 
was the balloon when the stone was dropped? 

2. If a body be let fall from a height of 64 feet at the same 
instant that another is sent vertically from the foot of the height 
with a velocity of 64 feet per second, what time elapses before they 
meet ? 

If the first body starts 1 sec. later than the other, what time will 
elapse? 

3. A tower is 288 feet high ; one body is dropped from the top of the 
tower and at the same instant another is projected vertically upwards 
from the bottom, and they meet half-way up ; find the initial velocity 
of the projected body and its velocity when it meets the descending 
body. 

4. A body is dropped from the top of a given tower, and at the 
same instant a body is projected from the foot of the tower, in th& 
same vertical line, with a velocity which would be just sufficient 
to take it to the same height as the tower ; find where they will 
meet. 

5. A particle is dropped from a height ^, and after falling frds 
of that distance passes a particle which was projected upwards at thei 
instant when the first was dropped. Find to what height the latter 
will attain. 

6. A body begins to slide down a smooth inclined plane from rest 
at l£e top, and at the same instant another body is projected upwards 
from the foot of the plane with such a velocity that they meet half- 
way up the plane ; find the velocity of projection and determine the 
velocity of each when they meet. 

7. A body is projected upwards with velocity u^ and t seconds 
afterwards another body is similarly projected with the same velocity; 
find wh^i and where they will meet. 
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8. A balloon ascends with a uniform acceleration of 4 ft. -'sec. 
units ; at the end of half a minute a body is released from it ; find the 
time that elapses before the body reaches the groxmd. 

9. After a ball has been falling under gravity for 5 seconds it 
passes through a pane of glass and loses half its velocity; if it now 
reach the ground in 1 second, find the height of the glass above the 
ground. 

10. The space described by a falling body in the last second of 
its motion is to that described in the last second but one as 8 : 2; find 
the height from which the body was dropped, and the velocity with 
which it strikes the ground. 

11. A plane is of length 288 feet and of height 64 feet; shew how 
to divide it into three parts so that a particle at the top of the plane 
may describe the portions in equal times, and find these times. 

12. Shew that the time that a particle takes to slide down a 
chord of a vertical circle, starting from one end of a horizontal 
diameter, varies as the square root of the tangent of the inclination of 
the chord to the vertical. 

13. A number of smooth rods meet in a point A and rings placed 
on them slide down the rods, starting simultaneously from A. Shew 

that after a time t the rings are all on a sphere of radius ^ . 

14. A number of bodies slide from rest down smooth inclined 
planes which all commence at the same point and terminate on the 
same horizontal plane; shew that the velocities acquired are the 
same. 

15. Two heavy bodies descend the height and length respectively 
of a smooth inclined plane; shew that the times vary as the spaces 
described and that the velocities acquired are equal. 

16. A heavy particle slides down a smooth inclined plane of given 
height; shew that the time of descent varies as the secant of the 
inclination of the plane to the vertical. 

17. A body slides down smooth chords of a vertical circle ending 
in its lowest point ; shew that the velocity on reaching the lowest 
point varies as the length of the chord. 

18. If two circles touch each other at their highest or lowest 
points, and a straight line be drawn through the point to meet both 
circles, shew that the time of sliding from rest down the portion of this 
line intercepted between the two circles is constant. 

19. A plane, of height h and inclination a to the horizon, has a 
smooth groove cut in it inclined at an angle /3 to the line of greatest 
slope ; find the time that a particle would take to describe the groove, 
starting from rest at the top. 
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20. ^ ft space s be divided into n equal parts at the end of each 

/ 
of which the acceleration of a moving point is increased by — , find 

n 

the velocity of a particle after describing the distance « if it started 

from rest with acceleration/. 

21. A particle starts from rest with acceleration/; at the end of 
time t it becomes 2/; 8/ at end of time 2t, and so on. Find the 
velocity at the end of time nt, and shew that the space described is 

n(n+l)(2n+l) ^ 

12 ■^•^• 

22. A body starts from rest and moves with nniform acceleration ; 
shew that the space described in the (n^+n+ l)th second is equal to 
the distance described in the first n seconds together with the distance 
described in the first (n+1) seconds. 

23. I^ a particle occupies n seconds less and acquires a velocity 
of m feet per second more at one place than at another in falling 

through the same distance, shew that — equals the geometrical mean 

between the numerical values of gravity at the two places. 

24. A train goes from rest at "one station to rest at another, 
one mile off, being uniformly accelerated for the first }rds of the 
journey and uniformly retarded for the remainder, and takes 3 minutes 
to describe the whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 

25. An engine-driver suddenly puts on his brake and shuts off 
steam when he is running at full speed; in the first second afterwards 
the train travels 87 feet, and in the next 85 feet. Find the original 
speed of the train, the time that elapses before it comes to rest, and 
the distance it will travel in this interval, assuming the brake to cause 
a constant retardation. Find also the time the train will take, if it be 
96 yards long, to pass a spectator standing at a point 484 yards 
ahead of the train at the instant when the brake was applied. 



CHAPTER IV. 
Thb Laws of Motion. 

52. In the present chapter we propose to consider the 
production of motion, and it will be necessary to commence 
with a few elementary definitions. 

Matter is " that which can be perceived by the senses " 
or "that which can be acted upon by, or can exert, force." 

No definition can however be given that would convey 
an idea of what matter is to anyone who did not already 
possess that idea. It, like time and space, is a primary 
conception. 

A Body is a portion of matter which is bounded by 
surfaces, and which is limited in every direction. 

A Particle is a portion of matter which is infinitely 
small in all its dimensions. 

The Mass of a body is the quantity of matter in the 
body. 

Force is that which changes, or tends to change, the 
state of rest or uniform motion of a body. 

53. These definitions may appear to the student to be 
vague, but we may illustrate their meaning somewhat as 
follows. 
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If we have a small portion of any substance, say iron, 
resting on a smooth table, we may by a push be able to 
move it fairly easily ; if we take a larger quantity of the 
same iron, the same effort on our part will be able to move 
it less easily. Again, if we take two portions of platinum 
and wood of exactly the same size and shape, the effect 
produced on these two substances by equal efforts on our 
part will be quite different. Thus common experience 
shews us that the same effort applied to different bodies, 
under seemingly the same conditions, does not always pro- 
duce the same result. This is because the masses of the 
bodies are different. 

54. If to the same mass we apply two forces in 
succession, and they generate the same velocity in the 
same time, the forces are said to be equal. 

If the same force be applied to two different masses, and 
if it produce in them the same velocity in the same time, 
the masses are said to be equal. 

The student will notice that we here assume that it is 
possible to create forces of equal intensity on different 
occasions, e.g. we assume that the force necessary to keep a 
spiral spring stretched through the same distance is the 
same when other conditions are unaltered. 

Hence by applying the same force in succession we can 
obtain a number of masses each equal to a standard unit 
of mass. 

55. The British unit of mass is called the Imperial 
Found, and consists of a lump of platinum deposited in the 
Exchequer Office, of which there are in addition several 
accurate copies kept in other places of safety. 

The French, or soientific unit, of mass is called a gramme, and is 
the one-thousandth part of a certain quantity of platinum deposited in 



48 DYNAMICS. 

the ArchiTes. The gramme was meant to be defined as the mass of a 
cnbio centimetre of pure water at a temperature of 4° C. 

It is a much smaller unit than a Pound. 

One Gramme = about 15*482 grains. 

One Pound = about 458*6 grammes. 

The system of units in which a centimetre, gramme, and second, 
are respectively the units of length, mass, and time, is generally called 
tibe o.G.s. system of units. 

56. Density. The density of a uniform body is the 
mass of a unit volume of the body; so that, if m be the 
mass of volume F of a body whose density is p, then 

m= Vp, 

57. The Weight of a body is the force with which the 
earth attracts the body. 

It can be shewn that every particle of matter in nature attracts 
every other particle with a force, which varies directly as the product 
of the masses of the quantities, and inversely as the square of the 
distance between them ; hence it can be deduced that a sphere attracts 
a particle on, or outside, its surface with a force whidi varies inversely 
as the square of the distance of the particle from the centre of tiie 
sphere. The earth is not accurately a sphere, and therefore points on 
its surface are not equidistant from the centre ; hence the attraction 
of the earth for a given mass is not the same at all points of its sur- 
face, and therefore the weight of a given mass is different at different 
points of the earth. 

58. The Momentum, or Quantity of Motion, of a body 
is proportional to the product of the mass and the velocity 
of the body. 

If we take as the unit of momentum the momentum of 
a unit mass moving with unit velocity, then the momentum 
of a body is mv, where m is the mass and v the velocity of 
the body. The direction of the momentum is the same as 
that of the velocity. 

59. We can now enunciate what are commonly called 
Newton's Laws of Motion. 
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They are ; , . 

Law I. Every body contvuvaea in its state of rest, or of 
v/niform motion in a straight line, except in so /or as it he 
compelled by impressed force to chcmge that stmte. 

Law n. The rate of change of mom&niv/m, wf propor- 
tional to the impressed force, and takes place in the direction 
of the straight line in which the force acts. 

Law in. To every auction there is an eqtial and opposite 
reaction, 

No formal proof, experimental or otherwise, can be given 
of these three laws. On them however is based the whole 
system of Dynamics, and on Dynamics the whole theory of 
Astronomy. Now the results obtained, and the predictions 
made, from the theory of Astronomy agree so well with the 
actual observed facts of Astronomy that it is inconceivable 
that the original laws on which the subject is based should 
be erroneous. For example, the Nautical Almanac is pub- 
lished four years beforehand, and the predictions in it are 
always correct. Hence we believe in the truth of the above 
three laws of motion because the conclusions drawn from 
them agree with our experience. 

60. Law I. We never see this law practically ex- 
emplified in nature because it is impossible ever to get 
rid of all forces during the motion of the body. It may 
be seen approximately in operation in the case of a piece 
of dry, hard ice projected along the surface of dry, well 
swept, ice. The only forces acting on the fragment of ice, 
in the direction of its motion, are the friction between the 
two portions of ice and the resistance of the air. The 
smoother the surface of the ice the further the small 
portion wiU go, and the less the resistance of the air the 

L.D. 4 
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further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of 
the air and no other forces acting on the body, then it 
would go on for ever in a straight line with uniform 
velocity. 

The law states a principle sometimes called the Prin- 
ciple of Inertia^ viz. — that a body has no inriMe tendency 
to change its state of rest or of uniform motion in a straight 
line. If a portion of metal attached to a piece of string be 
swung round on a smooth horizontal table, then, if the 
string break, the metal, having no longer any force acting 
on it, proceeds to move in a straight line, viz. the tangent 
to the circle at the point at which its circular motion 
ceased. 

If a man step out of a rapidly moving train he is 
generally thrown to the ground ; his feet on touching the 
ground are brought to rest ; but, as no force acts on the 
upper part of his body, it continues its motion as before, 
and the man falls to the ground. 

If a man be riding on a horse which is galloping at a 
fairly rapid pace and the horse suddenly stops, the rider is 
in danger of being thrown over the horse's head. 

If a man be seated upon the back seat of a dog-cart, 
and the latter suddenly start, the man is very likely to be 
left behind. 

61. Law II, From this law we derive our method of 
measuring force. 

Let m be the mass of a body, and / the acceleration 
produced in it by the action of a force whose measure 
is P. 
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Then, by the second law of motion, 

Poo rate of change of momentum, 

00 rate of change of mv, 

00 m X rate of change of v (ni being unaltered)^ 

ccm,f. 

.\P=X. mfy where \ is some constant. 

Now let the unit of force be so chosen that it may 
produce in unit mass the unit of acceleration. 

.*. when m= 1 and/= 1, we have /*= 1, 

and therefore X = 1. 

Hence, in this case, we have 

62. From the preceding article it follows that the 
magnitude of the unit of force used in Dynamics depends 
on the units of mass, and acceleration, that we use. The 
unit of acceleration, again, depends, by Arts. 9 and 29, on 
the units of length and time. Hence the unit of force 
depends on our units of mass, length, and time. When 
these latter units are given the unit of force is a deter- 
minate quantity. 

When a pound, a foot, and a second are respectively the 
iinits of mass, length, and time, the corresponding unit of 
force is called a PoundaL 

Hence the equation P=mf is a true relation, m being the 
number of pounds in the body, P the number of poundals in 
the force acting on it, and f the number of units of accelera- 
tion produced in the mass m by the action of the force P 
on it. 

This relation is sometimes expressed in the form 

Moving Force 



Acceleration = 



Mass moved 

4—2 
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N.B. All through this book the unit of force used will 
be a poundal, unless it is otherwise stated. Thus, when we 
say that the tension of a string is T^ we mean T poundals.N 

68. When a gramme, a centimetre, and a second are respectiYely 
the units of mass, length, and tune the corresponding unit of force is 
called a D3me. 

Hence when the equation P=mf is used in this system the force 
must be expressed in dynes, the mass in grammes, and the acceleration 
in centimetre-second units. 

64. Oonnection between the unit of force and the weight 
of the unit of mass. As explained in Art. 39, we know that, 
when a body drops freely in vacuOf it moves with an ac- 
celeration which we denote by "5^"; also the force which 
causes this acceleration is what we call its weight. 

Now the unit of force acting on the unit of mass pro- 
duces in it the unit of acceleration. 

.'. g units of force acting on the unit of mass produce 
in it ^ units of acceleration (by the second law). 

But the weight of the unit of mass is that which pro- 
duces in it ^ units of acceleration. 

.'. the weight of the unit of mass = g units of force. 

65. Foot-Pound-Second System of units. In this system 
g is equal to 32*2 approximately. Hence the unit of force, 

i.a a poundal, is approximately equal to ^^-^ times the 

weight of a pound, i.e. to about the weight of half an 
ounce. 

Also the weight of one pound = g . poundals, where 
^ = 32*2 approximately. 

Since g has different values at different points of the 
earth's surface, and since a poundal is a force which is the 
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same everywhere, it follows that the weight of a pound is 
not constant, but has different values at different points of 
the earth. 

66. Centimetre -GramTne- Second System of units. In this ays- 
tem g is equal to 981 approximately. Hence the unit of force, i.e. 

a dyne, is equal to the weight of about ^^ of a gramme. Also 

the weight of one gramme =^ . dynes, where 

^=981 approximately. 

The dyne is a much smaller unit than a poundal. The ap- 
proximate relation between them may be easily found as follows : 

wt. of a pound 



One Poundal 32*2 



One Dyne 1 7 Z 

qai * gramme 



981 one pound 981 ako a n, a-* ecv 

= -x^-TT X = ^is-s X 468*6 (by Art. 56). 

32*2 one gramme 32-2 ^ "^ . ' 

.*. One Poundal = about 13800 dynes. 



EXAMFTiTrf^. DL 

1, A mass of 20 poimds is acted on by a constant force which in 
5 seconds produces a velocity of 15 feet per second. Find the force, if 
the mass was initially at rest. 

From the equation v=u+ft, we have/=J^=3. 

Also, if P be the force expressed in poundals, we have 

P=:20 X 3=60 poundals. 

Hence P is equal to the weight of about |{, i.e* H* pounds. 

2. A mass of 10 pounds is placed on a smooth horizontal plane, 
and is acted on by a force equal to the weight of 3 pounds ; find the 
distance described by it in 10 seconds. 

Here moving force = weight of 31bs. =3p poundals; 

and mass moved =10 pounds. 

3<7 
Hence, using ft.-seo. units, the accelerations?^ . 

.*. distance required = J . t^. 10^=480 feet. 
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3. Find the magnitude of the force which, acting on a kilo- 
gramme for 5 seconds, produces in it a velocity of one metre per 
second. 

Here velocity acquired = 100 cms. per sec. 

/. acceleration =20 CO. s. units. 

.-. Force = 1000 x 20 dynes = weight of about — ^^ or 

20*4 grammes. 

4. Find the acceleration produced when 

(1) A force of 5 poundals acts on a mass of 10 pounds. 

(2) A force equal to the weight of 5 pounds acts on a mass of 
10 pounds. 

(8) A force of 50 pounds weight acts on a mass of 10 tons. 

5. Find the force expressed (1) in poundals, (2) in terms of the 
weight of a pound, that will produce in a mass of 20 pounds an 
accderation of 10 foot-second units. 

6. Find the force which, acting horizontally for 5 seconds on a 
mass of 160 pounds placed on a smooth table, will generate in it a 
vdocity of 15 feet per second. 

7. Find the magnitude of the force which, acting on a mass of 
10 cwt. for 10 seconds, will generate in it a velocity of 3 miles per 
hour. 

8. A force, equal to the weight of 2 lbs., acts on a mass of 40 lbs. 
for half a minute ; find the velocity acquired, and the space moved 
through, in this time. 

9. A body, acted upon by a uniform force, in ten seconds describes 
a distance of 25 feet ; compare the force with the weight of the body, 
and find the velocity acquired. 

10. In what time will a force, which is equal to the weight of a 
pound, move a mass of 18 lbs. through 50 feet along a smooth 
horizontal plane, and what will be the velocity acquired by the 
mass? 

11. A body, of mass 200 tons, is acted on by a force equal to 
112000 poundals; how long will it take to acquire a velocity of 30 miles 
per hour? 

12. In what time will a force, equal to the weight of 10 lbs., acting 
on a mass of 1 ton move it through 14 feet ? 

13. A mass of 224 lbs. is placed on a smooth horizontal plane, 
and a uniform pressure acting on it parallel to the table for 5 seconds 
causes it to describe 50 feet in that time ; ediew that tiie pressure is 
equal to about 28 lbs. weight. 



THE LAWS OF MOTION. 55 

14. A heavy trnok, of mass 16 tons, is standing at rest on a smooth 
line of rails. A horse now pulls at it steadily in the direction of the 
line of rails with a force eqnal to the weight of 1 cwt. How far 
will it move in 1 minute ? 

15. A force equal to the weight of 10 grammes acts on a mass 
of 27 grammes for 1 second; find the velocity of the mass and the 
distance it has travelled over. At the end of the first second the 
force ceases to act; how far will the body travel in the next minute? 

16. A pressure equal to the weight of a kilogramme acts on a 
body continuously for 10 seconds, and causes it to describe 10 metres 
in tibat time; find the mass of the body. 

17. A horizontal pressure equal to the weight of 9 lbs. acts on a 
mass along a smooth horizontal plane ; after moving through a space 
of 25 feet the mass has acquired a velocity of 10 feet per second; find 
its magnitude? 

18. A body is placed on a smooth table and a pressure equal to 
the weight of 6 lbs. acts continuously on it ; at the end of 3 seconds 
the body is moving at the rate of 48 feet per second; find its mass. 

19. A body, of mass 3 lbs., is falling at the rate of 100 feet per 
second. What is the uniform force that will stop it (1) in 2 seconds, 
(2) in 2 feet? 

20. Of two forces, one acts on a mass of 5 lbs. and in one-eleventh 
of a second produces in it a velocity of 5 feet per second, and the other 
acting on a mass of 625 lbs. in 1 minute produces in it a velocity of 
18 miles per hour; compare the two forces. 

21. A mass of 10 lbs. falls 10 feet from rest, and is then brought 
to rest by penetrating 1 foot into some sand; find the average pressure 
of the sand on it. 

22. A cannon-ball of mass 1000 grammes is discharged with a 
velocity of 45000 centimetres per second from a cannon the length of 
whose barrel is 200 centimetres; shew that the mean force exerted on 
the ball during the explosion is 5*0625 x 10^ dynes. 

23. It was found that when 1 foot was cut off from the muzzle of 
a gun firing a projectile of 100 lbs., the velocity of the projectile was 
altered from 1490 to 1330 feet per second. Shew that tiie total 
pressure on the projectile of the powder-gas at the muzzle, when 
expanded in the bore, was about 315 tons weight. 

24. A bullet moving at the rate of 200 feet per second is fired into 
a trunk of wood into which it penetrates 9 inches ; if a bullet moving 
with the same velocity were fired into a similar piece of wood 5 inches 
thick, with what velocity would it emerge, supposing the resistance to 
be uniform? 
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67. A poundal and a dyne are called Absolute Units 
because their values are not dependent on the value of g^ 
which varies at different places on the earth's surface. The 
weight of a pound and of a gramme do depend on this 
value. Hence they are called Gravitation Units. 

68. The weight of a body is proportional to its masSy 
cmd is independent o/ the kind of matter of which it is com- 
posed. The following is an experimental fact : If we have 
an air-tight receiver, and if we allow to drop at the same 
instant, from the same height, portions of matter of any 
kind whatever, such as a piece of metal, a feather, a piece 
of paper etc., all these substances will be found to have 
always fallen through the same distance, and to hit the base 
of the receiver at the same time, whatever be the sub- 
stances, or the height from which they are allowed to fall. 
Since these bodies always fall through the same height in 
the same time, therefore their velocities [rates of change of 
space,] and their accelerations [rates of change of velocity,] 
must be always the same. 

Let Wi and TFg poundals be the weights of any two of 
these bodies, m^ and rn^ their masses. Then since their 
accelerations are the same and equal to g, we have 

and W^ = m^g ; 

or the weight of a body is proportional to its mass. 

Hence bodies whose weights are equal have equal 
masses; so also the ratio of the masses of two bodies is 
known when the ratio of their weights is known. 

N.B. The equation W=mg is a numerical one, and 
means that the number of units of force in the weight of 
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a body is equal to the product of the number of units of 
mass in the mass of the body, and the number of units of 
acceleration produced in the body by its weight. 

69. Distinction between mass cmd weight. The student 
must carefully notice the difference between the mass and 
the weight of a body. He has probably been so accustomed 
to estimate the masses of bodies by means of their weights 
that he has not clearly distinguished between the two. If 
it were possible to have a cannon-ball at the centre of the 
earth it would have no weight there ; for the attraction of 
the earth on a particle at its centre is zero. If, however, it 
were in motion, the same force would be required to stop 
it as would be necessary under similar conditions at the 
surface of the earth. Hence we see that it might be 
possible for a body to have no weight; its mass however 
remains unaltered. 

The confusion is probably to a great extent caused by 
the fact that the word ''pound" is used in two senses 
which are scientifically different ; it is used to denote both 
what we more properly call " the mass of one pound " and 
"the weight of one pound." It cannot be too strongly 
impressed on the student that, strictly speaking, a pound is 
a mass and a mass only; when we wish to speak of the 
force with which the earth attracts this mass we ought to 
speak of the "weight of a pound." This latter phrase is 
often shortened into " a pound," but care must be taken to 
see in which sense this word is used. 

70. Weighing by Scales and a Spring Balance, We 
have pointed out (Art. 39) that the acceleration due to 
gravity, i,e. the value of g, varies slightly as we proceed 
from point to point of the earth's surface. When we 
weigh out a substance (say tea) by means of a pair of 
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scales, we adjust the tea until the weight of the tea is 
the same as the weight of sundry pieces of metal whose 
masses are known, and then, by Art. 68, we know that 
the mass of the tea is the same as the mass of the metal. 
Hence a pair of scales really measures masses and not 
weights, and so the apparent weight of the tea is the same 
everywhere. 

"When we use a spring balance, we compare the weight 
of the tea with the force necessary to keep the spring 
stretched through a certain distance. If then we move 
our tea and spring balance to another place, say from 
London to Paris, the weight of the tea will be different, 
whilst the force necessary to keep the spring stretched 
through the same distance as before will be the same. 
Hence the weight of the tea will pull the spring through 
a distance different from the former distance, and hence 
its apparent weight as shewn by the instrument wUl be 
different. 

If we have two places, A and B, at the first of which the 
numerical value of y is greater than at the second, then 
a given mass of tea will [as tested by the spring balance,] 
appear to weigh more at A than it does at B» 

Ex. 1. At the equator the value of g is 32*09 and in London the 
value is 32*2; a merchant bays tea at the equator, at a shilling 
per pound, and sells in London ; at what price per pound (apparent) 
must he sell so that he may neither gain nor lose, if he use the same 
spring balance for both transactions ? 

A quantity of tea which weighs 1 lb. at the equator will appear 

32*2 32*2 

to weigh ^^ lbs. in London. Hence he should sell ^^ lbs. for 

3209 
one shilling, or at the rate of ^^^ shillings per pound. 

Ex. 2. At a place A, ^=32*24, and at a place B, ^=32*12. A 
merchant buys goods at £10 per cwt. at A and sells at B, using the 
same spring balance. If he is to gain 20 per cent., shew that his sell- 
ing price must be £12. 0«. lOJd. per cwt. 
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71. Physical Independence of Forces. The latter 
part of the Second Law states that the change of motion 
produced bj a force is in the direction in which the force 
acts. 

Suppose we have a particle in motion in the direction 
AB and a force acting on it in the direction AC ; then 
the law states that the velocity in the direction AB ia 
unchanged, and that the only change of velocity is in the 
direction AG , so that to find the real velocity of the 
particle at the end of a unit of time, we must compound 
its velocity in the direction AB with the velocity generated 
in that unit of time by the force in the direction AC. 
The same reasoning would hold if we had a second force 
acting on the particle in some other direction, and so for 
any system of forces. Hence if a set of forces act on a 
particle at rest, or in motion, their combined effect is 
found by considering the effect of each force on the particle 
just as if the other forces did not exist, and as if the particle 
were at rest, and then compounding these effects. This 
principle is often referred to as that of the Physical Inde- 
pendence of Forces, 

As an illustration of this principle consider the motion 
of a ball allowed to fall from the hand of a passenger in a 
train which is travelling rapidly. It will be found to hit 
the floor of the carriage at exactly the same spot as it 
would have done if the carriage had been at rest. This 
shews that the ball must have continued to move forward 
with the same velocity that the train had, or, in other 
words, the weight of the body only altered the motion in 
the vertical direction, and had no influence on the horizontal 
velocity of the particle. 

Again, a circus-rider, who wishes to jump through a 
hoop, springs in a vertical direction from the horse's back; 
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his horizontal velocity is the same as that of the horse and 
remains unaltered ; he therefore alights on the horse's back 
at the spot from which he started. ' 

72. Parallelogram of Forces. We have shewn in 
Art. 30 that if a particle of mass wi have accelerations f^ , 




'7^1 
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/ 
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A B B 

/j represented in magnitude and direction by lines ABy AC, 
then its resultant acceleration f^ is represented in magni- 
tude and direction by AD, the diagonal of the parallelogram 
of which AB, AG are adjacent sides. 

Since the particle has an acceleration /^ in the direction 
AB there must be a force Pj (= mfj) in that direction, and 
similarly a force P^{=mf^ in the direction AG, Let 
AB^, AGx represent these forces in magnitude and direc- 
tion. Complete the parallelogram AB^D^G^, Then since 
the forces in the directions AB^ and AG^ are proportional 
to the accelerations in those directions, 

.-. AB^ : AB :: B^D^ : BD, 

Hence, by simple geometry, we have ^, 2), D^ in a 
straight line, and 

.-. ADj^ : AD :: AB^ : AB. 

.'. ADi represents the force which produces the acceleration 
represented by AD, and hence is the force which is equiva- 
lent to the forces represented by ABi and ACi. 
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Hence we infer the truth of the Parallelogram of Forces 
which may be enunciated as follows : 

If a pa/rticle he acted on by two forces represented in. 
nva/gnitvde and direction by the two sides of a paraUelogrami 
drawn from a pointy they are equivalent to a force repre- 
sented in magnitude a/nd direction by the diagonal of the 
parallelogram passing through the point. 

Cor. If in Arts. 13 — 19 which are founded on the 
Parallelogram of Velocities we substitute the word " force" 
for "velocity" they will still be true. 

73. Law nL To every action there is an equal ami 
opposite reaction. 

Every exertion of force consists of a mutual action 
between two bodies. This mutual action is called the stress 
between the two bodies, so that the Action and Keaction 
of Newton together form the Stress. 



UlastrationB. 1. if ft l>oo^ ^^^^ on a table, the book presses 
the table with a foroe equal and opposite to that which the table 
exerts on the book. 

2. If a man raise a weight by means of a string tied to it, 
the string exerts on the man's hand exactly the same force that 
it exerts on the weight, but in the opposite direction. 

3. The attraction of the earth on a body is its weight, and 
the body attracts the earth with a force equal and opposite to 
its own weight. 

4. When a horse drags a canal-boat by means of a rope, the 
rope drags the horse back with a force equal to that with which 
it drags the boat forward. 



CHAPTER V. 

Laws of Motion (continued). Application to Simple 

Problems. - 






T^ 



m. 



74. Motion of two particles connected by a string. 

Ttuo pwrtichsy of masses rthy and mj, a/re connected by a light 
ineoctensible string which passes over a small 
smooth pulley. Ifm^ho-m^y fi^^^ ^^^ resulting 
motion of the system^ a/nd the tension of the 
string. 

Let the tension of the string be T poundals; 
the pulley being smooth, this will be the same 
throughout the string. 

Since the string is inextensible, the velocity 
of m2 upwards must, throughout the motion, 
be the same as that of m^ downwards. 

Hence their accelerations [rates of change 
of velocity] must be the same, in magnitude. 
Let the magnitude of the common acceleration be^I 

Now the force on m^ downwards is mj^ — T poundals. 

Hence m^g'-T^mif (i). 

So the force on m^ upwards is T — m^ poundals; 

.*. T-m^ = m2f (ii). ' 



aT 



m. 



3) 



T 

\f3fll 
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Adding (i) and (ii), we have f—— ^ ^, giving the 

common acceleration. 

Also, from (ii), T^^^m^^f-^- g) = — -2—? g poundals. 

Since the acceleration is known and constant, the 
equations of Art. 32 give the space moved through and 
the velocity acquired in any given time. 

75. Two particles, of masses tWj and mg, a/re cormected 
by a light inextensible string ; m^ is 
placed on a smooth horizontal taMe ^2 jr 
am.d the string passes over the edge 
of the tahhy mj hangvng freely ; find 
the resulting motion. 

Let the tension of the string be 
T poundals. 

The velocity and acceleration of wig along the table must 
be equal to the velocity and acceleration of ttIj in a vertical 
direction. 

Let / be the common acceleration of the masses. 
The force on m^ downward is 

.-. m^-T=m^f (1). 

The only horizontal force acting on m^ is the tension jT; 

[for the weight of mg is balanced by the reaction of the 

table], 

A T=mJ. (2). 

Adding (1) and (2), we have 

m^g = (7^ + 7/I2)/. 

giving the required acceleration. 
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Hence, from (2), T = 



body whose mass is 






g pounxlals = weight of a 







76. Tu)o masses, m^ and ma, are connected by a string ; 
97»3 is placed on a smooth plane inclined at an angle a to the 
horizon, and tlie string, after passing 
over a small smooth pulley at the top 
of the planCy supports m^, which h^angs 
vertically; if m^ descend, find the re- 
sulting motion. 

Let the tension of the string be 
T poundals. The velocity and accele- 
ration of Wa up the plane are clearly equal to the velocity 
and acceleration of m^ vertically. 

Let / be this common acceleration. For the motion of 
7»i, we have 

m^- T=mi/ (i). 

The weight of m^ is m^g vertically downwards. 

The resolved part of m>^ perpendicular to the inclined 
plane is balanced by the reaction E of the plane, since m^ 
has no acceleration perpendicular to the plane. 

The resolved part of the weight down the inclined plane 
is m^ sin a, and hence the total force up the plane is 

T—m^ sin a. 

Hence T --m^ sin a ^m^^f. (ii). 

Adding (1) and (2), we easily have 

» 

^ wii — Wo sin d 

f- -_i or. 

rWj + Wa 
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Ako, substituting in (i), 

L Wi + Wa J 

7711^3(1 +sina) 
= ^ ^gr 

mi + ma 
giving the tension of the string. 

EXAMPLES. X. 

1. A mass of 9 lbs., descending vertically, drags up a mass of 6 lbs. 
by means of a string passing over a smooth pulley; find the accelera- 
tion of the system and the tension of the string. 

2. Two particles, of masses 7 and 9 lbs., are connected by a light 
string passing over a smooth pulley. Find (1) their common accelera- 
tion, (2) the tension of the string, (3) the velocity at the end of 
5 seconds, (4) the distance described in 5 seconds. 

3. Two particles, of masses 11 and 18 lbs., are connected by a 
light string passing over a smooth pulley. Find (1) the velocity at the 
end of 4 seconds, and (2) the space described in 4 seconds. If at the 
end of 4 seconds the string be cut, find the distance described by each 
particle in the next 6 seconds. 

4. Masses of 14 and 18 ounces are connected by a thread passing 
over a light pulley; how far do they go in the first 3 seconds of the 
motion, and what is the tension of the string ? 

5. Two masses of 5 and 7 lbs. are fastened to the ends of a cord 
passing over a frictionless pulley supported by a hook. When 
they are free to move, shew that the pull on the hook is equal to 
llf lbs. weight. 

6. Two equal masses, of 3 lbs. each, are connected by a light 
string hanging over a smooth peg; if a third mass of 3 lbs. be laid on 
one of them, by how much is the pressure on the peg increased? 

7. Two equal weights P, P are connected by a light string passing 
over a smooth pulley, and a third weight P is laid on one of them ; find 
by how much the pressure on the peg is increased. 

8. Two masses, each equal to m, are connected by a string passing 
over a smooth pulley ; what mass must be taken from one and added 
to the other, so that the Efystem may describe 200 feet in 5 seconds ? 

9. A mass of 3 lbs., descending vertically, draws up a mass of 
2 lbs. by means of a light string passing over a pulley; at the end of 
5 seconds the string breaks; find how h^h the 2 lb. mass will go. 

L. D. 5 
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10. A body, of mass 9 lbs., is placed on a smooth table at a 
distance of 8 feet from its edge, and is connected, by a string passing 
over the edge, with a body of mass 1 lb. ; find 

(1) the common acceleration, 

h) the time that elapses before the body reaches the edge of 
the table, 

(3) its velocity on leaving the table. 

11. A mass of 70 lbs. is placed on a smooth table at a distance of 
8 feet from its edge and connected by a light string passing over the 
edge with a mass of 10 lbs. hanging freely; what time will elapse 
before the first mass will leave the table ? 

12. A particle, of mass 5 lbs., is placed on a smooth plane in- 
clined at 30° to the horizon, and connected by a string passing over 
the top of the plane with a particle of mass 3 lbs., which hangs ver- 
tically ; find (1) the common acceleration, (2) the tension of the 
string, (3) the velocity at the end of 3 seconds, (4) the space described 
in 3 seconds. 

13. A particle, of mass 4 lbs., is placed at the bottom of a plane, 
inclined at 45° to the horizon and of length 7 feet, and is connected 
with a mass of 3 lbs. by a string passing over the top of the plane ; find 
the common acceleration of the masses, and the time that elapses 
before the first arrives at the top of the plane. 

14. A body, of mass 12 lbs., is placed on an inclined plane, whose 
height is half its length, and connected by a light string passing over 
a pulley at the top of the plane with a mass of 8 lbs. which hangs 
freely; find the distance described by the masses in 5 seconds. 

15. A mass of 6 ounces slides down a smooth inclined plane, 
whose height is half its length, and draws anotiier mass from rest over 
a distance of 3 feet in 5 seconds along a horizontal table which is level 
with the top of the plane over which the string passes ; find the mass 
on the table. 

16. A mass of 4 ozs. is attached by a string passing over a smooth 
pulley to a larger mass ; find the magnitude of the latter, so that if 
after the motion has continued 3 seconds the string be cut, the former 
will ascend ^ ft. before descending. 

17. Two scalepans, of mass 3 lbs. each, are connected by a string 
passing over a smooth pulley; shew how to divide a mass of 12 lbs. 
between the two scalepans so that the heavier may descend a distance 
of 50 feet in the first 5 seconds. 

18. Two strings pass over a smooth pulley; on one side they are 
attached to masses of 3 and 4 lbs. respectively, and on the other to 
one of 5 lbs. ; find the tensions of the strings and the acceleration of 
the system. 
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19. A string hung over a pulley has at one end a weight of 10 lbs. 
and at the other end weights of 8 and 4 lbs. respectively ; after being 
in motion for 5 seconds the 4 lb. weight is taken ofi ; find how much 
further the weights go before they first come to rest. 

20. Two unequal masses are connected by a string passing over 
a small smooth pulley; during the ensuing motion shew that the 
pressure of the axis of the pulley upon its supports is always less 
than the sum of the weights of the masses. 

77. Motion on a rough plane. A particle slides down 
a rough inclined plane inclined to the horizon at an angle 
a; if yi he the coefficient offrictiaHy to determine the motion. 

Let m be the mass of the particle, so that its weight is 
mg poundals ; R the reaction, and fiR the friction. 




The total force perpendicular to the plane is 

(E — mg cos a) poundals. 

The total force down the plane is (mg sin a — fiB) 
poundals. 

Now perpendicular to the plane there cannot be any 
motion, and hence there is no change of motion. 

Hence the acceleration, and therefore the force, in that 

direction is zero. 

.*. R-m^coBa = (i). 

5—2 
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Also the acceleration down the plane 

moving force mg sin a — iiR , , v i /.\ 

= =- = — ^ ^—— — a (sin a — u. cos a), by (i). 

mass moved m ^ ^ n j \ / 

Hence the velocity of the particle after it has moved 
from rest over a length I of the plane is, by Art. 32, equal to 

J2,gl (sin a — fi cos a). 

Similarly, if the particle were projected up the plane, 
we have to change the sign of fi, and its acceleration in 
a direction opposite to that of its motion is 

g (sin a + fi cos a). 

78. Two equally rough inclined planes, of equal height, 
whose inclinations to the horizon are a^ and a^, a/re placed 
hack to hack; two masses, m^ and m^, are placed on their 
inclined faces a/nd connected hy a light inextensihle string 
passing over a smooth pulley at the common vertex of the two 
planes; if m^ descend, find the resulting motion. 

Let T be the tension of the string, R^ and R^ the 
pressures of the planes, and fi the coeiiicient of friction. 




Since m, moves down, the friction on it acts v^ the 
plane. 

Since m^ moves up, the friction on it acts down the 
plane. 
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Hence the total force on Tn^ down the plane 

= TWi^ sin Oi — 5^^ — fuff 1 
= Wi^ (sin Oi — /A cos oj) - ^. 

Hence, if / be the common acceleration of the two 
particles, we have 

wij^ (sin Oj — /x cos Oi) - iT = mi/ (1). 

Similarly, the total force on m^ up the plane 

= T—fiR^ — m^ sin a, 

= T-' m^g [sin a^ + fi cos Oj], 

Hence 

T — m^g (sin oa + ft cos og) = ma/ (2). 

Adding (1) and (2), we have 

i- / \ r ''^ (sin a, — tt cos cu) "I 

^ \ -u -1/ ^L«|yij(gina2 + /iCOSa2)J' 

giving the required acceleration. 

79. A train, of mass 50 tons, is ascending an incline of 
1 in 100 ; the engine exerts a constant tractive Jorce eqvMl to 
the weight of 1 ton, and the resistance due to friction etc, ma/y 
he taken at 8 Jhs, weight per ton; find the acceleration with 
which the train ascends the incline. 

The train is retarded by the resolved part of its weight 
down the incUne, and by the resistance of friction. 

The latter is equal to 8 x 50 or 400 lbs. wt. 

The incline is at an angle a to the horizon, where 
sina = T^. 

.'. resolved part of the weight down the incline 

= IT sin a = 50 X 2240 x ^ lbs. wt. 
= 1120 lbs. wt. 
.'. total force to retard the train = 1520 lbs, wt. 
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But the engine pulls with a force equal to 2240 lbs. 
weight. 

.'. total force to increase the speed equals (2240 — 1520) 
or 720 lbs. weight, i.e. 720^ poundals. 

Also the mass moved is 50 x 2240 lbs. 

720^ 



• « « as 



.'. the acceleration = 



50 X 2240 
^9 



ft.-sec. units. 



1400 

Since the acceleration is known, we can, by Art. 32, 
find the velocity acquired, and the space described, in a 
given time; etc 

EXAMPLES. XL 

1, A mass of 5 lbs. on a rongh horizontal tabl6 is oonnected by a 
string with a mass of 8 lbs. which hangs over the edge of the table ; if 
the coefficient of friction be i, find the resultant acceleration. 

Find also the coefficient of friction if the acceleration be half that 
of a freely iaUing body. 

2. A mass Q on a horizontal table, whose coefficient of friction ia 
^3, is connected by a string with a mass 3Q which hangs over Ihe 
edge of the table ; four seconds aft^r the commencement of the motion 
the string breaks ; find the velocity at this instant. 

Find also the distance of the new position of equilibrium of Q from 
its initial position. 

3". A mass of 20 lbs. is moved along a rough horizontal table by 
means of a string which is attached to a mass of 4 lbs. hanging over 
the edge of the table ; if the masses take twice the time to acquire the 
same velocity from rest that they do when the table ia smooth, find the 
coefficient of friction. 

4, A body, of mass 10 lbs., is placed on a rough plaiie, whose'coeffioient 
of friction is -j^ and whose inclination to the horizon ia 80°; if the 

* • 

length of the plane be 4 feet and the body be acted on by a force, 
parallel to the plane, equal to 15 lbs. weight, find ^e time that 
elapses before it reaches the top of the plane and its velocity there. 

5. If in the previous question the body be oonnected with a mass 
of 15 lbs., hanging freely, by means of a string passing over the top of 
the plane, find the time and velocity. 



THE LAWS OF MOTION. 71 

6. A rough plane is 100 feet long and is inclined to the horizon at 
an angle sin-^ f , the coefficient of Motion being J, and a body slides 
down it from rest at the highest point; find its velocity on reaching 
the bottom. 

If the body were projected up the plane from the bottom so as jnst 
to reach the top, find its initial velocity. 

7. A particle slides down a rough inclined plane, whose inclination 

to the horizon is -j and whose coefficient of friction is -j; shew that the 

4 4 

time oi descending any space is twice what it would be if the plane 

were perfectly smooth. 

8. Two rough planes, inclined at 30° and 60° to the horizon and 

of the same height, are placed back to back ; masses of 5 and 10 lbs. 

are placed on the faces and connected by a string passing over the top 

1 
of the planes; if the coefficient of friction be —t^ , find the resulting 

acceleration. 

9. If in the previous question the masses be interchanged, what 
is the resulting acceleration ? 

10. A train is moving on a horizontal rail at the rate of 16 miles 
per hour; if the steam be suddenly turned off, find how far it will go 
before stopping, the resistance being 8 lbs. per ton. 

11. If a train of 200 tons, moving at the rate of 30 miles per 
hour, can be stopped in 60 yards, compare the friction with the weight 
of a ton. 

12. A train is running on a horizontal rail at the rate of 30 miles 
per hour, the resistance due to friction, etc. being 10 lbs. wt. per ton ; 
if the steam be shut oil, find (1) the time i^at elapses before the train 
comes to rest, (2) the distance described in this time. 

13. In the previous question if the train be ascending an incline 
of 1 in 112, find the corresponding time and distance. 

14. A train of mass 200 tons is running at the rate of 40 miles per 
hour down an incline of 1 in 120; find the resistance necessary to stop 
it in half a mile. 

15. A train runs from rest for 1 mile down a plane whose descent 
is 1 foot vertically for each 100 feet of its length ; if the resistances 
be equal to 8 lbs. per ton, how far will the train be carried along the 
horizontal level at the foot of the incline ? 

16. A train of mass 140 tons, travelling at the rate of 15 miles 
per hour, comes to the top of an incline of 1 in 128, the length of the 
incline being half a mile, and steam is then shut off; taking the 
resistance due to friction, etc. as 10 lbs. wt. per ton, find the distance it 
describes on a horizontal line at the foot of the incline before coming 
to rest. 



m 
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17. In the preceding question, if on arriving at the foot of the 
incline a brake-van, of weight 10 tons, have all its wheels prevented 
from revolving, find the distance described, assuming the coefficient of 
friction between the wheels and the line to be *5. 

IB. An engine, of mass 30 tons, pulls after it a train, of mass 
130 tons ; supposing the friction to be -^th of the weight of the whole 
train, calculate the force exerted by the engine if at the end of the first 
mile from the start the speed is raised to 45 miles per hour. 

What incline would be just sufficient to prevent the engine from 
moving the train? 

80. A hody^ of mass m lbs,, is placed on a JwrizomJtal 
plane which is in motion with a vertical v^pvxird accelera- 
tion/; find the pressure hettveen the body a/nd the pkme. 

Let E be the pressure between 
the body and the plane. 

Since the acceleration is ver- 
tically upwards, the total force 

acting on the body must be ver- 
tically upwards. vl/m^ 

The only force, besides E, 
acting on the body is its weight m^ acting vertically down- 
wards. 

Hence the total force is ^ — mg vertically upwards, and 
this produces an acceleration y*; hence 

R - mg = m/f giving E. 

In a similar manner it may be shewn that, if the body 
be moving with a downward acceleration y, the pressure Ej 
is given by 

mff — Ei = mf. 

We note that the pressure is greater or less than the 
weight of the body, according as the acceleration of the 
body is upwards or downwards. 
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Ex. The "body U of mass 20 lbs, and is moving with (1) an upward 
acceleration of 12 ft.-sec. unitSf (2) a downward a/iceleration of the same 
magnitvde; find the pressures. 

In the first case we have 

It-20.g=20.12. 
.-. 12 = 20 (32 + 12) poundal8= wt. of 27} lbs. 

In the second case we have 

20.^-JRi=20.12. 
.-. R=20 (32 - 12) poundals = wt. of 12} lbs. 

81. Three inches of rain fall in a certain district in 
12 hov/rs. Assuming that the drops fall freely from a height 
of a quarter of a milej find the pressure on the ground per 
sqaa/re mile of tJie district due to the rain dv/rvag the stormy 
tlie m^ass of a cubic foot of water being 1000 ounces. 

The amount of rain that falls on a square foot during 
the storm is ^ of a cubic foot, and its mass is 250 ounces. 



.*. the mass that falls per second is 
250 1 5 



lbs. 



16 12 . 60 . 60 U4 X 96 
The velocity of each raindrop on touching the ground is 

j2'Kg X 440 X 3, or 16 ^330 ft. per second. 
.*. the momentum that is destroyed per second is 

X 16 V330, or — q^j— units of momentum. 



144x96 ' ' 864 

But the number of units of momentum destroyed per 
second is equal to the number of poundals in the acting 
force. 



1 



74 DYNAMICS. 

/. pressure on- the ground per square foot 

5^330 



864 
.'. pressure per square mile 



poundals. 



= weight of 9 X 4840 x 640 x ;^^ lbs. 
= weight of 41 tons approximately. 

•  * 

82. The scdle-pcma of a balance a/re each of mass M^ 
and in them, a/re pla>ced masses Mi a/nd M^; shew that the 
pressv/res on the pans during the motion are 

2M,{M^M,) 2M,(M+Mi) 

Mi + M^ + 2M'^ ^ Mi + M,+ 2M'^ 

respectively. 

Let / be the common acceleration of the system, and 
suppose M^^^M^, 

Then, as in Art. 74, we have 

Let F be the pressure between M^ and the scale-pan 
on which it rests; then the force on the mass J/i, con- 
sidered as a separate body, is M^g — F. Also its accele- 
ration is/. 

Hence M^ — F = Mi/, 

:.F=Mi{g-f) 

2Mi{M+M^ ) 



THE LAWS OF MOTION. 



75 



m 



Q 




S 



Q 



83. Atwood's machine. This machine in its simplest 
form consists of a vertical pillar AB^ 
of about 8 feet in height, firmly 
clamped to the ground, and carrying 
at its top a light pulley which will 
move very freely. This pillar is gradu- 
ated and carries two platforms, D and 
F^ and a ring Ey all of which can be 
affixed by screws at any height de- 
sired. The platform D can also be 
instantaneously dropped. Over the 
pulley passes a fine cord supporting 
at its ends two long thin equal weights, 
one of which, P, can freely pass through 
the ring E, Another small weight Q 
is provided, which can be laid upon 
the weight P, but which cannot pass 
through the ring E» 

The weight Q is laid upon P and the platform D is 
dropped and motion ensues ; the weight Q is left behind 
as the weight P passes through the ring ; the weight P 
then traverses the distance EF with constant velocity, and 
the time T which it takes to describe this distance is care- 
fully measured. 

By Art. 74 the acceleration of the system as the weight 
falls from D to E \a 



■Of 



{ Q + P)-P 



i.e. 



Q „ 



Denote this by/, and let DE = h. 

Then the velocity v on arriving at E is given by 

v" = 2/h, 
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After passing E, the distance EF is described with 
constant velocity v. 

Hence, if EF=h^^ we have 

Since all the quantities involved are known, this relation 
gives us the value of g. 

By giving different values to P, Qy h and Ai, we can 
in this manner verify all the fundamental laws of motion. 

In practice, the value of g cannot by this method be 
found to any great degree of accuracy ; the chief causes of 
discrepancy being the mass of the pulley, which cannot be 
neglected, the friction of the pivot on which the wheel 
turns, and the resistance of the air. 

The friction of the pivot may be minimised if its ends 
do not rest on fixed supports, but on the circumferences of 
four light wheels, called friction wheels, two on each side, 
which turn very freely. 

There are other pieces of apparatus for securing the 
accuracy of the experiment as far as possible, e.g. for. 
instantaneously withdrawing the platform D at the re- 
quired moment, and a clock for beating seconds accu- 
rately. 

EXAMPLES. Zn. 

1. If I jump off a table with a twenty-pound weight in my hand, 
what is the pressure of the weight on my hand? 

2. A mass of 20 lbs. rests on a horizontal plane which is made to 
ascend (1) with a coilstant velocity of 1 foot per second, (2) with a 
constant acceleration of 1 foot per second per second; find in each 
case the pressure on the plane. 
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3. A man, whose mass is 8 stone, stands on a lift which moves 
with a uniform acceleration of 12 ft.-seo. units; find the pressure 
on the floor when the lift is (1) ascending, (2) descending. 

4. A bucket containing 1 cwt. of coal is drawn up the shaft of a 
coal-pit, and the pressure of the coal on the bottom of the bucket 
is equal to the weight of 126 lbs. Find the acceleration of the 
bucket. 

5. A balloon ascends with a uniformly accelerated velocity, so 
that a mass of 1 cwt. produces on the floor of the balloon the same 
pressure which 116 lbs. would produce on the earth's surface ; find the 
height which the balloon will have attained in one minute from the 
time of starting. 

6. Two scale-pans, each of mass 2 ounces, are suspended by a 
weightless string passing over a smooth pulley ; a mass of 10 ounces 
is placed in the one, and 4 ounces in the other. Find the tension of 
the string and the pressures on the scale-pans. 

7. A string, passing over a smooth pulley, supports two scale-pans 
at its ends, the mass of each scale-pan being 1 ounce. If masses of 
2 and 4 ounces respectively be placed in the scale-pans, find the 
acceleration of the system, the tension of the string, and the pressures 
between the masses and the scale-pans. 

8. On a certain day half an inch of rain fell in 3 hours; assuming 
that the drops are indefinitely small and that the terminal velocity 
was 10 feet per second, find the impulsive pressure in tons per square 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the rain was 
uniform and continuous. 

9. Find the pressure in poundals per acre due to the impact of a 
fall of rain of 3 inches in 24 hours, supposing the rain to have a 
velocity due to falling freely through 400 feet. 

10. A jet of water is projected against a wall so that 300 gallons 
strike the wall per second with a horizontal velocity of 80 feet per 
second. Assuming that a gallon contains 277^ cubic inches and that 
the mass of a cubic foot of water is 1000 ounces, find the pressure on 
the wiJl in pounds' weight. 

11. The two masses in an Atwood's machine are each 240 grammes, 
and an additional mass of 10 grammes being placed on one of them 
it is observed to descend through 10 metres in 10 seconds; hence 
shew that ^=980. 

12. Explain how to use Atwood's machine to shew that 

(1) a body acted on by a constant force moves with constant 

acceleration, 

(2) the acceleration of a given mass Is proportional to the force 

acting on it. 
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13. Sixteen balls of equal mass are strung like beads on a string; 
some are placed on an inclined plane of inclination sin~^ }, and the 
rest hang over the top of the plane; how have the balls been arranged 

if the acceleration at first be § ? 

14. 7wo bodies, of masses P and Q, are connected by a stretched 
string ; P hangs vertically and Q is placed on a smooth plane inclined 
at 30° io the horizon, the string passing over the top of the plane ; if 
P descend from rest through a given distance in 4 times the time in 
which it would fall freely from rest through the same distance, find 
the ratio of P to Q. 

15. P hangs vertically and is 9 lbs.; Q is a mass of 6 lbs. on a 
smooth plane whose inclination to the horizon is 80°; shew that P 
will drag Q up the whole length of the plane in half the time that Q 
hanging vertically would take to draw P up the plane. 

16. If the height of an inclined plane be 12 feet and the base 
16 feet, find how far a particle will move on a horizontal plane after 
sliding from rest down the length of the inclined plane, supposing it 
to pass from one plane to the other without loss of velocity, and that 
the coefficient of friction for each plane is \, 

17. Shew that a train going at the rate of 30 miles per hour will 
be brought to rest in about 84 yards by continuous brakes, if they 
press on the wheels with a force equal to three-quarters of the weight 
of the train, the coefficient of friction being *16. 

18. A train of mass 50 tons is moving on a level at the rate of 
30 miles per hour when the steam is shut off, and the brake being 
applied to the brake-van the train is stopped in a quarter of a mile. 
Find the mass of the brake-van, taking the coe^cient of friction 
between the wheels and rails to be one-sixth, and supposing the un-* 
locked wheels to roll without sliding. 

19. A mass m is drawn up an inclined plane, of height h and length 
2, by means of a string passing over the vertex of the plane, from the 
other end of which hangs a mass mf. Shew that in order that m 
may just reach the top of the plane, m' must be detached after m has 
moved through a distance 

7n-\-7n! hi 

~nr"hW 

20. ^wo masses are connected by a string passing over a small 
pulley ; shew that if the sum of the masses be constant, the tension of 
the string is greater, the less the acceleration. 

21. A mass % hanging at the end of a string, draws a mass m^ 
along the surface of a smooth table; if the mass on the table be 
doubled the tension of the string is increased by one-half; find the 
ratio of 9% to m^. 
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22. Two bodies, of masses 9 and 16 lbs. respectively, are placed 
on a smooth horizontal table at a distance of 10 feet ; if they were 
now to attract each other with a constant force equal to 1 lb. wt. at all 
distances, find after what time they would meet. 

23. ^ the case of a single movable pulley the free end of 
the string passes round a fixed pulley and supports a weight P greater 
than i TT, where W is the weight suspended from the movable pulley. 
Find tiie tension of the string during the ensuing motion, the three 
parts into which it is divided by the pulleys being parallel. 

24. A mass m will just support a mass i(f in a system of 
two pulleys in which each string is attached to ilf, the strings being 
parallel. A mass m is now attached to M\ find the subsequent 
motion, neglecting the weights of the pulleys. 

25. A system of three movable pulleys, in which all the strings 
are vertical and attached to the beam, is employed to raise a body, of 
mass 1 owt., by means of one of mass 15 lbs. attached to a string 
passing over a smooth fixed pulley. Shew that the body will rise with 

acceleration r^ , the masses of the pulleys being neglected. 

26. A string, with masses m and m' at its ends, passes over 
3 fixed and under 2 movable pulleys, each of mass ikf, hanging down 
between the fixed pulleys, the parts of the string between the pulleys 
being vertical. Find the condition that the movable pulleys should 
neither rise nor faU, and in this case determine the acceleration of 
m and m'. 

27. A rope hangs down over a smooth pulley, and a man of 
12 stone lets himself down the portion of rope on one side of the 
pulley with unit acceleration. Find with what uniform accelera- 
tion a man of llj stone must pull himself up by the other portion of 
the rope so that the rope may remain at rest. 

28. A man, of mass 12 stone, and a sack, of mass 10 stone, are 
suspended over a smooth pulley by a rope of negligible weight. If 
the man pull himself up the rope so as to diminish what would be his 
acceleration by one-half, find the upward acceleration of the sack in 
this case, and shew that the acceleration upwards of the -man relative 

to the rope is ^ . 

29. A train, whose mass is 112 tons, is travelling at the uniform 
rate of 25 miles per hour on a level track, and the resistance due to 
air, friction, etc. is 16 lbs. per ton. Part of the train, of mass 12 tons, 
becomes detached. Assuming that the force exerted by the engine is 
the same throughout, find how much the train will have gained on 
the detached psurt after 50 seconds and the velocity of the train when 
the detached part comes to rest. 



CHAPTER VI. 

Impulse, Work, and Energy, 

84. Impulse. Def. The impulse of a force in a given 
time is proportional to the product of the force {if constant^ 
and the mea/n value of the force if variable) and the time 
during which it acts. 

If the unit of impulse be the impulse of a unit force 
acting for the unit of time, then the impulse of a force P 
acting for a time ^ is P . ^. 

The impulse of a force is also equal to the momentum 
generated by the force in the given time. For suppose a 
particle, of mass m, moving initially with velocity u is 
acted on by a constant force P for time t. If f be the 
resulting acceleration, we have P = mf 

But, if V be the velocity of the particle at the end of 
time i, we have v = u -^ft. 

Hence the impulse =Pt = mft = tyiv — m/u 

= the momentum generated in the given time. 

The same result is true if the force be variable. For suppose the 
time t to be divided into a very large number (n) of portions each 
equal to r, and let these portions of time be taken so small that in 
each of them the force may be considered to remain appreciably 
constant. 

Let the values of the force beP^, Ps* P^i and let the resulting 

accelerations be /j , /a , /». 
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Then we have 

Pi=w/i, P2=m/2, JP«=wi/n. 

Henoe the impulse = mean force x t 

n 

n 

=rn{fir+f^T+ +/„r) 

=m X sum of changes of the velocity during the whole 
interval 

= momentum generated in time t. 

From the preceding article it follows that the second 
law of motion might have been enunciated in the following 
form; 

The change of momentum of a particle in a given time 
is equal to the impulse of the force which produces it and is 
in the same direction. 

85. Impulsive Forces. Suppose we have a force F 
acting for a time t on a body whose mass is m, and let the 
velocities of the mass at the beginning and end of this 
time be u and v. Then by the last article 

PT=m(v — u). 

Let now the force become bigger and bigger, and the time 
T smaller and smaller. Then ultimately P will be almost 
infinitely big and t almost infinitely small, and yet their 
product niai/ be finite. For example P may be equal to 

10^ poundals, t equal to ym seconds, and m equal to one 

pound, in which case the change of velocity produced is 
the unit of velocity. 

To find the whole effect of a finite force acting for a 
finite time we have to find two things, (1) the change in 
the velocity of the particle produced by the force during 
L. D. 6 
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the time it acts, and (2) the change in the position of 
the particle during this time. Now in the case of an 
infinitely large force acting for an infinitely short time, 
the body moves only a very short distance whilst the force 
is acting, so that this change of position of the particle 
may be neglected. Hence the total effect of such a force 
is known when we know the change of momentum which 
it produces. 

Such a force is called an impulsive force. Hence 

Def. An impulsive force is a very great force acting 
for a very short time, so that the change in the position of 
the particle during the time the .force acts on it may be 
neglected. Its whole effect is measv/red by its impulse, or 
the change of momentum produced. 

In actual practice we never have any experience of an 
infinitely great force acting for an infinitely short time. 
Approximate examples are, however, the blow of a hammer, 
and the collision of two billiard balls. 

The above will be true even if the force be not uniform. 
In this case we must define P as the mean force. In the 
ordinary case of the collision of two billiard balls the force 
generally varies very considerably. 

Ex. 1. A body, whose mass is 9 lbs., is acted on by a force which 
changes its velocity from 20 miles per hour to 80 miles per hour. Find 
the impulse of the force. 

Ans, 132 units of impulse. 

Ex. 2. A mass of 2 lbs. at rest is struck and starts off with a 
velocity of 10 feet per second; assuming the time during which the 
blow lasts to be t^"i ^^ ^he average value of the force acting on the 
mass. 

Arts, 2000 poundals. 

Ex. 3. A glass marble, whose mass is 1 ounce, foUs from a height 
of 25 feet, and rebounds to a height of 16 feet ; find the impulse, and the 
average force between the marble and the floor if the time during which 
IJiey are in contact be ^V'. 

Am, 4J units of impulse; 45 poundals. 
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86. Impact of two bodies. When two masses A, B 
impinge, then, by the third law of motion, the action of 
A on £ is, at each instant during which they are in contact, 
equal and opposite to that of ^ on il. 

Hence the impulse of the action of ui on ^ is equal and 
opposite to the impulse of the action of ^ on ^. 

It follows that the change in the momentum of B is 
equal and opposite to the change in the momentum of A, 
and therefore the sum of these changes, measured in the 
same direction, is zero. 

Hence the sum of the momenta of the two masses, 
measured in the same direction, is unaltered by their 
impact. 

Exi 1. -4 hodyt of mass 3 lbs., moving with velocity IS feet per 
second overtakes a body, of nmss 2 lbs,, moving with velocity Sfeet per 
second in the same straight line, and they coalesce and form one body ; 
find the velocity of this single body. 

Let V be the required velocity. Then, since the sum of the momenta 
of the two bodies is unaltered by the impact, we have 

(3 + 2) F= 3 X 13 + 2 X 3 = 45 units of momentum, 

/. F=9ft. per sec. 

Ex. 2. If in the last example the second body be moving in the 
direction opposite to that of the first, find the resulting velocity. 

In this case the momentum of the first body is represented by 3 x IS 
and that of the second by -2x3. Hence, if F^ be the required 
velocity, we have 

(3 + 2) Fj = 3 X 13 - 2 X 3 = 33 units of momentum. 
.-. Fi= ^ = 6f ft. per sec. 

87. Motion of a shot and gun. When a gun is fired, 
the powder is almost instantaneously converted into a gas 
at a very high pressure, which by its expansion forces the 
shot out. The action of the gas is similar to that of a 
compressed spring trying to recover its natural position. 
The force exerted on the shot forwards is, at any instant 
before the shot leaves the gun, equal and opposite to that 
exerted on the gun backwards, and therefore the impulse 

6—2 
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of this force on the shot is equal and opposite to the impulse 

of the force on the gun. Hence the momentum generated 

in the shot is equal and opposite to that generated in the 

gun, if the latter be free to move. 

Ex. A ahott whose mass is 400 lbs,, is projected from a gun, of mass 
50 tons, with a velocity of 900 feet per second; Jirid the resulting velocity 
of the gy/A. 

Since the momentum of the gun is equal and opposite to that of 
the shot we have, if v be the velocity communicated to the gun, 

50x2240x1? = 400x900. 

.'. «=3A ft. per sec. 

EXAMPLES. Xm. 

1. A body of mass 7 lbs., moving with a velocity of 10 feet per 
second, overtakes a body, of mass 20 lbs., moving with a velocity of 
2 feet per second in the same direction as the first; if after the impact 
they move forward with a common velocity, find its magnitude. 

2. A body, of mass 8 lbs., moving with a velocity of 6 feet per 
second overtakes a body, of mass 24 lbs., moving with a velocity of 
2 feet per second in the same direction as the first ; if after the impact 
they coalesce into one body, shew that the velocity of the compound 
body is 3 feet per second. 

If they were moving in opposite directions, shew that after impact 
the compound body is at rest. - > 

3. A body, of mass 10 lbs., moving with velocity 4 feet per second 
meets a body of mass 12 lbs. moving in the opposite direction with a 
velocity of 7 feet per second ; if they coalesce into one body, shew that 
it will have a velocity of 2 feet per second in the direction in which the 
larger body was originally moving. 

4. A shot, of mass 1 ounce, is projected with a velocity of 1000 feet 
per second from a gun of mass 10 lbs. ; find the velocity with which 
the latter b^ins to recoil. 

5. A shot of 800 lbs. is projected from a 40-ton gun with a velocity 
of 2000 feet per second; find the velocity with which the gun would 
conmience to recoil, if free to move in the line of projection. 

6. A shot, of mass 700 lbs., is fired with a velocity of 1700 feet per 
second from a gun of mass 38 tons; if the recoil be resisted by a 
constant pressure equal to the weight of 17 tons, through how many 
feet will the gun recoil ? 

7. ^ shot, whose mass is 800 lbs., is discharged from an 81-ton 
gun with a velocity of 1400 feet per second ; find the steady pressure 
which acting on the gun would stop it after a recoil of 5 feet. 

8. A gun, of mass 1 ton, fires a shot of mass 28 lbs. and recoils 
up a smooth inclined plane, rising to a height of 5 feet ; find the initial 
velocity of the projectile. 
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88. Work. We have pointed out in Statics, Art. 197, 
that the unit of work used by engineers is a Foot-Pound, 
which is the work done in raising the weight of a pound 
through one foot. • 

The British absolute unit of work is the work done 
by a poundal in moving its point of application through 
one foot. 

This unit of work is called a Foot-Ponndal. 

With this unit of work the work done by a force of P 
poundals in moving its point of application through 8 feet 
i& P ,8 f oot-poundals. 

Since the weight of a pound is equal to ^-poundals, it 
follows that a Foot-Pound is equal to g Foot-Poundals. 

The c. a. s. unit of work is that done by ft dyne in moving its point 
of application through a centimetre, and is called an Erg. 
One Foot-Poundal = 421390 Ergs nearly. 

89. Ex. 1. What is the H, P. of an engine which keeps a train, of 
mass 150 tons, moving at a uniform rate of 60 miles per hour, the resist- 
ances to the motion due to friction, the resistance of the air, etc. being 
taken at 10 lbs. weight per ton. 

The force to stop the train is equal to the weight of 150 x 10, i.e. 
1500, lbs. weight. 

Now 60 miles per hour is equal to 88 feet per second. 

Hence a force, equal to 1500 lbs. wt., has its point of application 
moved through 88 feet in a second, and hence the work done is 
1500 X 88 foot-pounds per second. 

If X be the h.p. of the engine, the work it does per minute is 
X X 33000 foot-lbs., and hence the work per second is x x 550 foot-lbs. 

.-. arx 560 =1500x88. 

/. a; =240. 

Ex. 2. Find the least H. P. of an engine which is able in 4 minutes 
to generate in a train, of mass 100 tons, a velocity of 30 miles per hour on 
a level line, the resistances due to friction, etc. being equal to 8 lbs. 
weight per ton, and the pull of the engine being assumed constant. 

Since in 240 seconds a velocity of 44 feet per second is generated 

44 11 
the acceleration of the train must be ^t?; or ^^ foot-second units. 

2s4U OU 
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Let the force exerted by the engine be P poundals. 

The resistance due to friction is equal to 800 pounds' weight; 
hence the total force on the train is P - 800^ poundals. 

Hence P - 800^= 100 x 2240 x ^ . 

.-. P=800 (fl' + ^) poundals=80o/l + g^^ lbs. weight 

126 
= 800 X — lbs. weight. 

When the train is moving at the rate of 30 miles per hour, the work 

125 
done per second must be 800 x -^r x 44 foot-lbs. 

4o 

Hence, if x be the h. p. of the engine, we have 

a; X 660=800x^x44. 
.-. a;=166|. 

Ex. 3. ^ trairif of mass 100 tons, is ascending uniformly an incline 
of 1 in 280, and the resistance due to friction^ etc* is equal to 16 lbs, per 
ton; if the engine he of 200 H,P. and be working at full power, find the 
rate at which the train is going. 

The resistance due to friction, etc. is equal to the weight of 1600 lbs., 
and the resolved part of the weight of the train down the incline is 
equal to the weight of -^ of 100 tons, or to the weight of 800 lbs., 
so that the total force to impede the motion is equal to the weight of 
2400 lbs. 

Let V be the velocity of the train in feet per second. Then the 
work done by the engine is that done in dragging a force equal to 
the weight of 2400 lbs. through v feet per second, and is equivalent to 
2400t; foot-pounds per second. 

But the total work which the engine can do is ^^ or 

110,000 foot-pounds per second. 

Hence 2400i;= 110000, 

1100 

and hence the velocity of the train is 31J miles per hour. 

EXAMPLES. XIV. 

1. A train, of mass 60 tons, is kept moving at the uniform rate of 
80 miles per hour on the level, the resistance of air, friction, etc.^ 
being 40 lbs. weight per ton. Find the h.p. of the engine. 
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2. What is the horse-power of an engine which keeps a train 
going at the rate of 40 miles per hour against a resistance equal 
to 2000 lbs. weight? 

3. A train, of mass 100 tons, travels at 40 miles per hour up an 
incline of 1 in 200. Find the h.p. of the engine that will draw the 
train, neglecting all resistances except that of gravity. 

4. A train of mass 200 tons, including the engine, is drawn 
up an incline of 3 in 500 at the rate of 40 miles per hour by an engine 
of 600 H.p. ; find the resistance per ton due to fdction, etc. 

5. Find the h.p. of an engine which can travel at the rate of 
25 miles per hour up an incline of 1 in 100, the mass of the engine 
and load being 10 tons, and the resistances due to friction, etc. being 
10 lbs. weight per ton. 

6. Determine the rate in h.p. at which an engine must be able to 
work in order to generate a velocity of 20 miles per hour on the level 
in a train of mass 60 tons in 8 minutes after starting, Ihe resistances 
to the motion being taken at 10 lbs. per ton. 

7. A weight of 10 tons is dragged in half an hour through a length 
of 330 feet up a rough plane inclined at an angle of 30° to the horizon; 

the coefficient of friction being -j^, find the work expended, and the 

H. P. of an engine by which it will be done. 

8. Find the work done by gravity on a stone having a mass of 
\ lb. during the tenth second of its fall from rest. 

♦90. Energy. Def. The Energy of a body is Us 
capacUy /or doing work and is of two hinds, Kinetic and 
Potential. 

The Kinetic Energy of a body is the energy which it 
possesses by virtue of its motion, and is measured by the 
a/mount of work that the body can perform against the imr 
pressed forces before its velocity is destroyed. 

A falling body, a swinging pendulum, and a cannon ball 
in motion all possess kinetic energy. 

Consider the case of a particle, of mass m, moving with 
velocity u, and let us find the work done by it before it 
comes to rest. 

Suppose it brought to rest by a constant force P re- 
sisting its motion, which produces in it an acceleration -f 
given by P = rr^. 
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Let X be the space described by the particle before it 
comes to rest so that — v?-{-2 {—/) . a;, 

/. fx = \u\ 

Hence the kinetic energy of the particle 

= work done by it before it comes to rest 

. = Px — mfx = \mv?. 

Hence the kinetic energy of a particle is equal to the product 
of its 7na88 and one half the squa/re of its velocity, 

* 9 1 . Theorem. To shew that the change of kinetic energy 
per unit of space is equal to the adrnvg force. 

If a force -P, acting on a particle of mass m, change its 
velocity from w to v in time t whilst the particle moves 
through a space «, we have v^ - w* = 2/i, where / is the 
acceleration produced. 

:.^!!!tz^ = mf^p (1). 

This equation proves the proposition when the force is 
constant. 

When the force is variable, the same proof will bold 
if we take t so small that the force P does not sensibly 
alter during that interval 

Cor. It follows from equation (1) that the change in 
the kinetic energy of a particle is equal to the work done 
on it. 

*92. The Potential Energy of a body is the work it 
can do by means of its position in passing from its present 
configuration to some stcmda/rd configuration {usually called 
its zero position), 

A bent spring has potential energy, viz. the work it 
can do in recovering its position. A body raised to a 
height above the ground has potential energy, viz. the 
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work its weight can do as it falls to the earth's surface. 
Compressed air has potential energy, viz. the work it can 
do in expanding to the volume it would occupy in the 
atmosphere. 

The following example is important : 

*93. A particle of mass ni falls from rest at a height h 
above the ground ; to shew that the sum of its potential a/nd 
kinetic energies is constant throughout the motion^ 

Let H be the point from which the particle starts, and 
the point where it reaches the ground. 

Let V be its velocity when it has fallen through a 
distance HP {— x), so that v^ = 2gx, 

.'. kinetic energy there = ^^iJ? = m^x. 

Also its potential energy at P 

= the work its weight can do as it falls from P to 

= mg . 0P= mg {h — x), 
.'. the sum of its kinetic and potential energies at P 

= mgK 
But its potential energy when at H is m^h, and its kinetic 
energy there is zero. 

Hence the sum of the potential and kinetic energies is 
the same at P as at ; and, since P is any point, it follows 
that the sum of these two quantities is the same throughout 
the motion. 

*94. The above is an extremely simple example of the 
principle of the Oonservation of Energy, which may be 
stated as follows : 

// a body or system, of bodies be in motion u/nder a con- 
servative system of forces, the sumh of its kinetic and potential 
energies is constant 
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Forces, of the kind which occur in the inaterial imiverae, 
are said to be conservative when they depend on the position 
or configu/ration only of the system of bodies, a/nd not on the 
velocity or direction of motion of the bodies. 

Thus from a conservative system are excluded forces 
of the nature of friction, or forces such as the resistance of 
the air which varies as some power of the velocity of the 
body. Friction is excluded because, if the direction of 
motion of the body be reversed, the direction of the friction 
is reversed also. 

Referring to the case of a particle sliding down a rough 
plane of length I (Art. 77), we see that the kinetic energy 
of the particle on reaching the ground is 

Jm [2gl (sin a - /x cos a)], i. e. mgl sin a — mgl/i cos a. 

Also the potential energy there is zero, so that the sum 

of the kinetic and potential energies at the foot of the 

plane is 

mglana —/inigl cos a. 

But the potential energy of the particle when at the top 
of the plane is mg.lsm a, so that the total loss of visible 
mechanical energy of the particle in sliding from the 
top to the bottom of the inclined plane is /xmgl cos a. 
This energy has been transformed and appears chiefly in 
the form of heat, partly in the moving body, and partly in 
the plane. 

EXAMPLES. XV. 

1. A body, of mass 10 lbs., is thrown up vertically with a velocity 
of 32 feet per second; what is its kinetic energy (1) at the moment of 
propulsion, (2) after half a second, (3) after one second? 

2. Find the kinetic energy measured in foot-pounds of a cannon- 
ball of mass 25 pounds discharged with a velocity of 200 feet per 
second. 

3. Find the kinetic energy in ergs of a cannon-ball of 10,000 
grammes discharged with a velocity of 5000 centimetres per second. 



IMPULSE, WORK, AND ENERGY. 91 

4. A cannon -ball, of mass 5000 grammes, is discharged with a 
velocity of 500 metres per second. Find its kinetic energy in ergs, and, 
if the cannon be free to move, and have a mass of 100 kilogrammes, 
find the energy of the recoil. 

5. A bullet, of mass 2 ounces, is fired into a target with a velocity 
of 1280 feet per second. The mass of the target is 10 lbs. and it is 
free to move ; find the loss of kinetic energy by the impact in foot- 
pounds. 

Motion of the centre of inertia of a system of particles. 

*95. Theorem. If the velocities at any instant of any 
number of masses mj, mj ... parallel to any line fixed in 
space be u^yit^fU^ ..., then tlie velocity parallel to that line of 
the centre of inertia of these masses at that instant is 

WjWi + wiaWj + ... 
r/ii + ma + ... 

At the instant under consideration let a^, ajg , iCj . . . be 
the distances of the given masses measured along this fixed 
line from a fixed point in it, and let x be the distance of 
their centre of inertia. 

Then (Statics, Art. Ill), we have 

_ _ m^a^ + n^pc^A- . . . 
x — 



wii + m^ + . . . 

Let Xi, x^ ... be the corresponding distances of these 
masses at the end of a small time t, and x' the corresponding 
distance of their centre of inertia. Then we have 

xl = x^ + u^t, 

ajg' = cca + uji, 



Also -,^ n^x{^m^' + ... 

. -, _ _ wii {x^ — oji) + w»2 (x^ - aJa) + • •• 

. » X ~~ X ^— . 

m^ +^2+ ... 

_ niiitit + mgi^sj^ + . . . 
mi + Wj + . . . 
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But, if u be the velocity of the centre of inertia parallel 
to the fixed line, we have x' -x+ iU, 

x' —X m^OfY + tn,^^ + . . . 



t 7Wi + ma + ... 

Hence the velocity of the centre of inertia of a system of 
particles in any given direction is equal to the sum of the 
momenta of the particles in that direction, divided by the 
sum of the masses of the particles. 

Cor. If a system of particles be in motion in a plane, 
and their velocities and directions of motion are known, 
we can, by resolving these velocities parallel to two fixed 
lines and applying the preceding proposition, find the 
motion of their centre of inertia. 

*96. Theorem. If the accelerations at any instant of 
cmy nuwher of nmsses mi, mg ..., pa/raUd to any line fixed 
in spa^ce, he f, fy fs ..., then the acceleration of the centre 
of inertia of these masses parallel to this line is 

mi + 7n>2 + . . . 

The proof of this proposition is similar to that of the 
last article. We have only to change oji, i^, a^', v^ into 
^> yi* ^'j fii ^^^ make similar changes for the other 
particles. 

*97. Ex. 1. Two masses %, m^ are connected by a light string 
aji in Art. 74; find the acceleration of the centre of inertia of the 
system. 

The acceleration of the mass ?w, is — — — g vertically downwards. 

mi+m>2 

and that of mg is the same in the opposite direction. 
Here then /,= -/,=5^^, 

/. acceleration of the centre of inertia =z^^ ^ = I —^ ' ) g, 

Wi+ma \TOi+7w,y 
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Ex. 2. Two bodies, of masses m and 3m, are connected by a light 
string passing oyer a smooth pulley; shew that during the ensuing 

motion the acceleration of their centre of inertia is f . 

4 

Ex. 3. Fuid the velocity of the centre of inertia of two masses of 6 
and 4 lbs. which move in parallel lines with velocities of 8 and 8 feet 
respectively, (1) when they move in the same direction, (2) when they 
move in opposite directions. 

Am, h.) 5 feet per second ; (2) If feet per second in the direction 
in which the second body is moving. 

Ex. 4. Two masses, mn and m, start simultaneously from the 
intersection of two straight lines with velocities v and nv respectively; 
shew that the path of their centre of inertia is a straight line bisect- 
ing the angle between the two given straight lines. 

Ex. 5. Two masses move at a uniform rate along two straight 
lines which meet and are inclined at a given angle ; shew that their 
centre of inertia describes a straight line with uniform velocity. 

EXAMPLES. XVI. 

1, A shot of mass m is fired from a gun of mass M with velocity u 

relative to the gun ; shew that the actual velocities of the shot and gun 

Mu , mu ,, - 

are ^t — wid -zr^ respectively. 

2. A gun is mounted on a gun-carriage movable on a smooth 
horizontal plane, and the gun is elevated at an angle a to the horizon; 
a ^ot is fired and leaves the gun in a direction inclined at an angle 6 
to the horizon; if the mass of the gun and its carriage be n times that 

of the shot, shew that tan ^ = ( 1 + - ) tan a. 



3. A mass of half a ton, moving with a velocity of 800 feet per 
second, strikes a fixed target and is brought to rest in a hundredl^ 
part of a second. Find the impulse of the blow on the target, and 
supposing the resistance to be uniform throughout the time taken to 
)ynn% the body to rest, find the distance through which it penetrates. 

. 4. A mass of 4 cwt. falls from a height of 10 feet upon an inelastic 
pile of mass 12 cwt. ; supposing the mean resistance of the ground to 
penetration by the pile to be 1^ ton's weight, determine the distance 
through whidfi the pile is driven at each blow. 

5. A bullet, of mass 20 grammes, is shot horizontally from a rifle, 
the barrel of which is one metre long, with a velocity of 200 metres per 
second into a mass of 50 kilogrammes of wood floating on water. If 
the bullet buries itself in the wood without making any splinters or 
causing it to rotate, find the velocity of the wood immediately after it 
is struck. 

Find also the average force in grammes weight which is exerted on 
the bullet by the powder. 
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6. A hammer, of mass 4 cwt., falls through 4 feet and comes to 
rest after striking a mass of iron, the duration of the blow being ^th 
of a second ; find the pressure, supposing it to be uniform, wluch is 
exerted by the hammer on the iron. 

7. Masses m and 2m are connected by a string passing over a 
smooth pulley ; at the end of 3 seconds a mass m is picked up by 
the ascending body ; find the resulting motion. 

8. Two equal masses, A and B, are connected by an inelastic 
thread, 3 feet long, and are laid close together on a smooth horizontal 
table Si feet from its nearest edge ; B is also connected by a stretched 
inelastic thread with an equal mass C hanging over the edge. Find 
the velocity of the masses when A begins to move and also when B 
arrives at the edge of the table. 

9. Two masses of 5 and 7 lbs. respectively are connected by a 
string passing over a fixed smooth pulley ; at the end of 3 seconds 
the larger mass impinges on a fixed inelastic horizontal plane ; shew 
that the system will be instantaneously at rest at the end of 2^ seconds 
more. 

10. Two weights, each equal to fF, are hung over a smooth pulley, 
being connected by a string 16 feet long, and are arranged so that 
either on approaching to within 2 feet from the pulley lifts a load 

-Y=-. The motion is started with one weight and its load at the 

pulley ; shew that the motion repeats itself every 15 seconds. 

11. A mass M after falling freely through a feet begins to raise a 
mass m greater than itself and connected with it by means of an 
inextensible string passing over a fixed pulley. Shew that m will 
have returned to its original position at the end of time 

m-M V 9 

12. Two equal weights P, Q, connected by a string over a smooth 
pulley, are moving with a common velocity, P descending and Q 
ascending. If P be suddenly stopped, and instantly let drop again, 
find the time that elapses before the string is tight again. 

13. A string over a pulley supports a mass of 5 lbs. on one side 
and of 2 and 3 lbs. on the other, the lower mass 2 lbs. being distant 
1 foot from the other. The two-pound weight is suddenly raised to 
the same level as the other and kept from falling. Shew that the 
string will become taut in a half second, and that the whole system 
will &en move with a uniform velocity of 3*2 ft. per sec. 

14. Two railway carriages are moving side by side with different 
velocities ; what is the ultimate effect of the interchanging of passen- 
gers between the carriages ? 

15. A man of 12 stone ascends a mountain 11000 feet high in 
7 hours, and the difficulties in his way are equivalent to carrying a 
weight of 3 stone ; one of Watt's horses could pull him up the same 
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height withont impediments in 56 minntes ; shew that the horse does 
as much work as 6 such men in the same time. 

16. A blacksmith, wielding a 14-lb. sledge, strikes an iron bar 
25 times per minute, and brings the sledge to rest upon the bar after 
each blow. If the velocity of the sledge on striking the iron be 82 feet 
per second, compare the rate at which he is working with a horse- 
power. 

17. A steam hammer, of mass 20 tons, falls vertically through 
5 feet, being pressed downwards by steam pressure equal to the weight 
of 30 tons ; what velocity will it acquire, and how many foot-pounds 
of work will it do before coming to rest ? 

18. A train of 150 tons, moving with a velocity of 50 miles per 
hour, has its steam shut off and the brakes applied, and is stopped in 
863 yards. Supposing the resistance to its motion to be uniform, find 
its value, and find also the mechanical work done by it measured 
in foot-pounds. 

19. A train, of mass 200 tons, is ascending an incline of 1 in 100 
at the rate of 80 miles per hour, the resistance of the rails being equal 
to the weight of 8 lbs. per ton. The steam being shut ofF, and the 
brakes applied, the train is stopped in a quarter of a mile. Find the 
weight of the brake-van, the coefficient of sliding friction of iron on 
iron being \. 

20. If ft bicyclist always works with ^ h.p. and goes 12 miles 
per hour on the level, shew that the resistance of the road is 
3-125 lbs. wt. 

If the mass of the machine and its rider be 12 stone, shew that 
up an incline of 1 in 50 the speed will be reduced to about 5*8 miles 
per hour. 

21. A man oan bicycle at the rate of 12 miles per hour on a 
smooth road. He exerts a down pressure, equal to 20 lbs. weight, 
with each foot during the down stroke, and the length of this stroke is 
12 inches. If the driving-wheel be 12 feet in circumference, find the 
work he does per minute. 

22. A rifle bullet loses ^th of its velocity in passing through a 
plank; find how many such uniform planks it would pass through 
before coming to rest, assuming the resistance of the planks to be 
uniform. 

23. A man sculling does E foot-pounds of work, usefully applied, 
at each stroke. If the total resistance of the water when the boat is 
moving n miles per hour be B lbs. weight, find the number of strokes 
he must take per minute to maintain this speed. 



CHAPTER VII. 
Pbojectiles. 

98. In the previous chapters we have considered only 
motion in straight lines. In the present chapter we shall 
consider the motion of a particle projected into the air 
with any direction and velocity. We shall suppose the 
motion to be within such a moderate distance of the 
earth's surface, that the acceleration due to gravity may 
be considered to remain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be «7i vaciu) ; for, firstly, the law of resistance of the air 
to the motion of a particle is not accurately known, and, 
secondly, even if this law were known, the discussion 
would require a much larger range of knowledge of pure 
mathematics than the reader of the present book is sup- 
posed to possess. 

99. Def. When a particle is projected into the air, 
the angle that the direction iu which it is projected makes 
with the horizontal plane through the point of projection 
is called the angle of projection; the path which the 
particle describes is called its trajectory; the distance 
between the point of projection and the point where the 
path meets any plane drawn through the point of pro- 
jection is its range on the plane; and the time that elapses 
before it again meets the horizontal plane through the 
point of projection is called the time of flight. 
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100. If the earth did not attract a particle to itself, 
the particle would, if projected into the air, describe a 
straight line; on account of the attraction of the earth, 
however, the particle describes a curved line. This curve 
will be proved in Art. 113 to be always a parabola, 

101. Let P be the point of projection, u the velocity 
and a the angle of projection ; also let PAF be the path 
of the particle, A being the highest point, and F the point 
where the path again meets the horizontal plane through P, 




By the principle of the Physical Independence of 
Forces (Art. 71), the weight of the body only has effect 
on the motion of the body in the vertical direction; it 
therefore has no effect on the velocity of the body in the 
horizontal direction, and this horizontal velocity therefore 
remains unaltered. 

The horizontal and vertical components of the initial 
velocity of the particle are u cos a and u sin a respectively. 

The horizontal velocity is, therefore, throughout the 
motion equal to u cos a. 

In the vertical direction the initial velocity is i^sina 
and the acceleration is —g, [for the acceleration due to 
gravity is g vertically downwards^ and we are measuring 
L. D. 7 
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our positive direction upwards]. Hence the vertical motion 
is the same as that of a particle projected vertically up- 
wards with velocity u sin a, and moving with acceleration 

The resultant motion of the particle is the same as that 
of a particle projected with a vertical velocity u sin a inside 
a tube of small bore, whilst the tube moves in a horizontal 
direction with velocity u cos a. 

102. To find the velocity and directum of motion after 
a given time has elapsed. 

Let i; be the velocity, and the angle which the direc- 
tion of motion at the end of time t makes with the hori- 
zontal. 

Then v cos = horizontal velocity at end of time t 

= u cos a, the constant horizontal velocity. 
Also vsin6 = the vertical velocity at end of time t 
= u sin a — gt. 
Hence, by squaring and adding, 

ir» = ^2 _ 2rigt sin a + gH\ 

J , J . . . , /» ^ sin a— at 
and, by division, tan ^= —, 

103. To find the velocity and direction of motion at a 
given height. 

Let V be the magnitude, and $ the inclination to the 
horizon, of the velocity of the particle at a given height h. 
The horizontal and vertical velocities at this point are 
therefore v cos and v sin ft 

Hence 

V cos ^ = w cos a, the constant horizontal velocity. . . (1). 
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Also, by Art. 32, 

V sin — Ju' sia^a— 2gh (2). 

Squaring and adding (1) and (2), we have 

v' = u^^2gh. 

Also, by division, tan 6 = ^— . 

u cos a 

104. To fimd the greatest height cUtained by a projectile^ 
and the time that elapses before it is at its greatest height. 

Let A, (Fig. Art. 101), be the highest point of the path. 
The projectile must at A be moving horizontally, and hence 
the vertical velocity at A must be zero. 

Hence, by Art. 32, 

= u^ sin'a — 2g . MA, 



.-. MA = 



u^ sin* a 



^9 ' 
giving the greatest height attained. 

Let T be the time from P to ,4 ; then T is the time in 
which a vertical velocity u sin a is destroyed by gravity. 
.'. by Art. 32, = w sin a-gT. 

. ^ t^sing 

105. To find the range on the horizontal pkme and the 
time o/fiight. 

When the projectile arrives at P', (Fig. Art. 101), the 
distance it has described in a vertical direction is zero. 

Hence, if ^ be the time of flight, we have by Art. 32 (1), 

0=:Msina<-^^^, 

/. t = = twice the time to the highest point. 

7--2 
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During this time t the horizontal velocity remains constant 
and equal to u cos a. 

.'. PF = horizontal distances described in time t 

2u^ sin a cos a 
= u cos a . t= . 

ff 

Hence the range is equal to twice the product of the initial 
vertical and horizontal velocities divided by g, 

106. For a given velocity of projection, w, to find the 
maocvmum horizontal range, and the corresponding direction 
0/ projection. 

If a be the angle of projection, the horizontal range, by 
the previous article, 

2u^ sin a cos a _u^ sin 2a 

^ 9 ~ ff ' 

Also sin 2a is greatest when 2a = 90°, that is, when 

a = 45°. 

Hence the range on a horizontal plane is greatest when 
the initial direction of projection is at an angle of 45° with 
the horizontal through the point of projection. 

The magnitude of this maximum horizontal range is 

— Sin 90 , t.e., — . 
9 9 

107. To aliew that, with a given velocity of projection, 
there a/re for a given horizontal range in general two directions 
of projection, which a/re equally inclined to the direction of 
inaodmum projection. 

By Art. 105, the range, when the angle of projection 

IS a, IS — sin 2a. 
9 
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IT 

Also, when the angle of projection is ;r — a, the range 

= — sin 2 ( t; — a ) = — sin (ir — 2a) = — sin 2a. 
g \l ) g ' g 

Hence we have the same horizontal range for the angles 

of projection a and ^ ~ ^» 

These directions are equally inclined to the horizon and 
the vertical respectively, and are therefore equally inclined 
to the direction of maximum range, which bisects the angle 
between the horizontal and the vertical. 

108. Ex. 1. ^ bullet is projected^ vrith a velocity of 640 feet per 

second, at an angle of 30^ with the horizontal ; find (1) the greatest 

Jieight attained, (2) the range on a horizontal plane and the time of 

flight, and (3) the velocity and direction of motion of the bullet when it 

is at a height of bl^ feet. 

The initial horizontal velocity 

= 640 cos 30° = 640 X ^ = 320 V3 feet per second. 
The initial vertical velocity =640 sin 30° =320 feet per second. 

(1). If /i be the greatest height attained, then h is the distance 
through which a particle, starting with velocity 320 and moving with 
acceleration - g, goes before it comes to rest. 

.-. 0=320«-2^Zi; 

(2). If t be the time of flight, the vertical distance described in 
time t is zero. 

.-. 0=320t-ipt«; 

640 
.'. t = — = 20 seconds. 

9 

The horizontal range = the distance described in 20 seconds by a 
particle moving with a constant velocity of 320^3 ft. per sec. 

= 20 X 320 ^3 = 11085 feet approximately. 
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(3). If t; be the velocity, and the inolination to the horizon, at 
a height of 576 feet, we have 

t>2Bin«d=3202-2^ .676=322x64, 
a^d v2 cosa ^ = (320 ^3)^* = 32« x 300. 

.-. by addition, we have t? = 32 x Ay364=610-5 ft. per sec. 
Also, by division, 

80 that, from the table of natural tangents, we have ^=24° 47' 
approximately. 

Ex. 2. -4 cricket baU is thrown with a velocity of 96 feet per 
second; find the greatest range on the horizontal planer and the two 
directions in which the ball may be thrown so as to give a range of 
144: feet. 

If the angle of projection be a, the range, by Art. 105, 

2 . 96^ . sin ttcos tt _ 96^ . sin 2a 

" 9 " " 9 ' 

The maximum range is obtained when a =45°, and therefore 

=-oo =288 feet =96 yards. 

When the range is. 144 feet, the angle a is given by 

— sm 2a =144. 
9 

. ^ 144x32 144 1 
.-. sm 2o= 



962 -3x96~2* 
.-. 2o=30°, or 150°. 
.-. a =15°, or 75°. 

Ex. 3. -^ camwn ball is projected horizontally from the top of a 
tower , 49 feet high, with a velocity of 200 feet per second. Find 

(1) the time of flight, 

(2) the distance from the foot of the tower of the point at which it 
hits the ground, and 

(3) its velocity when it hits the ground, 

(1) The initial vertical velocity of the ball is zero, and hence f, 
the time of flight, is the time in which a body, falling freely under 
gravity, would describe 49 feet. 

Hence 49=J^.«*=16t2. 

.'. t=i seconds. 
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(2) During this time the horizontal velocity is constant, and 
therefore the required distance from the foot of the tower 

= 200 xi= 350 feet. 

(3) The vertical velocity at the end of J seconds = { x 82 s= 56 feet 
per second, and the horizontal velocity is 200 feet per second ; 

.-. the required velocity = ^/SOO^H- 562=8 ^674= 207-7 feet nearly. 

Ex. 4. From the tap of a cliff, SO feet high, a stone is thrown so 
that it starts with a velocity of 128 feet per second, at an angle of 30° 
tDith the horizon; find where it hits the ground at the bottom of the cliff* 

The initial vertical velocity is 128 sin 30°, or 64, feet per second, 
and the initial horizontal velocity is 128 cos 30°, or 64,^3, feet per 
second. 

Let T be the time that elapses before the stone hits the ground. 

Then T is the time in which a stone, projected with vertical 
velocity 64 and moving with acceleration -p, describes a distance 
- 80 feet. 

.-. -80=64r-Jflfr2. 

Hence r=6 seconds. 

Daring this time the horizontal velocity remains unaltered, and 
hence the distance of the point, where the stone hits the ground, from 
the foot of the cliff =320,^3= about 554 feet. 

EXAMPLES. XVn. 

1. A particle is projected at an angle a to the horizon with a 
velocity of u feet per second; find the greatest height attained, the 
time of flight, and the range on a horizontal plane, when 

(1) w=64, 0=30^ 

(2) M=80, a =60^ 

(3) M=96, a=75°; 

(4) M=200, a=sin-if 

2. Find the greatest range on a horizontal plane when the 
velocity of projection is (1) 48, (2) 60, (3) 100 feet per second. 

3. A shot leaves a gun at the rate of 500 feet per second; 
calculate the greatest distance to which it could be projected, and the 
height to which it would rise. 

4. If a man can throw a stone 80 yards, how long is it in the air, 
and to what height does it rise? 

5. A body is projected with a velocity of 80 ft. per sec. in a 
direction making an angle tan'~^3 with the horizon; shew that it 
rises to a vertical height of 90 feet, that its direction of motion is 
inclined to the horizon at an angle of 60° when its vertical height 
above the ground is 60 feet, and that its time of fiight is about 4|seo8. 
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6, A projectile is fired horizontally from a height of 9 feet from 
the gronnd, and reaches, the ground at a horizontal distance of 1000 
feet. Find its initial velocity. 

7. A stone is thrown horizontally, with velocity J^gh^ from the 
top of a tower of height h. Find where it will strike tiie level ground 
through the foot of the tower. What will he its striking velocity? 

8t A stone is dropped from a height of 9 feet above the floor of a 
railway carriage which is trayelling at the rate of 30 miles per hour. 
Find the velocity and direction of the particle in space at the instant 
when it meets the floor of the carriage. 

9. A ship is moving with a velocity of 16 feet per second, and 
a body is allowed to fall from the top of its mast, which is 144 feet 
high ; flnd the velocity and direction of motion of the body, (1) at 
the end of two seconds, (2) when it hits the deck. 

10. A shot is fired from a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation of 30°. Find 
the horizontal distance from the vertical Ime through the gun of the 
point where the shot strikes the water. 

11. From the top of a vertical tower, whose height is -^^ feet, a 
particle is projected, the vertical and horizontal components of its 
initial velocity being 6p and 8p respectively ; find the time of flight, 
and the distance from the foot of the tower of the point at which it 
strikes the ground. 

12. A gun is aimed so that the shot strikes horizontally the top 
of the spire of Strasburg Cathedral, which is 462 feet high; shew 
that, if the angle of elevation be cot^^ 5, then the velocity of projec- 
tion is nearly 877 feet per second. 

13. Find the velocity and direction of projection of a shot which 
passes in a horizontal direction just over the top of a wall which is 
50 yards off and 75 feet high. 

14. A particle is projected at an angle of elevation sin~^ ^ , and 
its range on the horizontal plane is 4 miles; find the velocity of 
projection, and the velocity at the highest point of the path. 

15. Two balls are projected from the same point in directions 
inclined at 60° and 80° to the horizontal; if they attain the same 
height, what is the ratio of their velocities of projection? 

What is this ratio if they have the same horizontal range? 

16. The velocity of a particle when at its greatest height is mJ\ of 
its velocity when at half its greatest height ; shew that the angle of 
projection is 60°. 

17. Find the angle of projection when the range on a horizontal 
plane is (1) 4, (2) 4 ^Z times the greatest height attained. 

18. Find the angle of projection when the range is equal to the 
distance through which the particle would have to fall in order to 
acquire a velocity equal to its velocity of projection. 
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109. Range on an inclined plane. From a point on a 
plcme, which is inclined at an angle p to the horizon^ a par- 
ticle is projected with a velocity tt, at an angle a with the 
horizontal^ in a plane parsing through the normal to the 
inclined plane and the line of greatest slope, to find tJie 
range on the inclined plane. 

Let PQ be the range on the inclined plane, PT the 




direction of projection, and QN the perpendicular on the 
horizontal plane through P, 

The initial component of the velocity perpendicular to 
PQ is u sin (a - )8), and the acceleration in this direction 
is - ^ cos p. 

Let ^ be the time which the particle takes to go from 
P to Q, Then in time T the space described in a direction 
perpendicular to PQ is zero. 

Hence = wsin (a — )8) . T —\g cos )8 . T\ and therefore 

^,^2wsin(a-^ 
g cos )3 

During this time the horizontal velocity u cos a remains 
unaltered j hence PN = u cos a . T. 

.-, the range PC = ^ = ^^^ . T' =-. 221' cos^jin^) 

cosjS cos^ g cos*/3 
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110. Maximnm range. To find the direction of pro- 
jection which gives the maodmum range on the inclined 
plane, a/nd to shew that for any given range there a/re two 
directions of projection, which are eqiially inclined to the 
direction for maocimum range. 

From the preceding article the range 

2i^^ cosasin(a-)8) v? , . /„ o\ • o\ /•\ 

Now u and )8 are given; hence the range is a maximum 

IT 

when sin (2a — )8) is greatest, or when 2a - )8 = ^ . 

In this case a - )8 = ^ - a, i. e., the angles ^P$, ZPT are 

equal. 

Hence The direction for maadmuin ra/nge bisects the a/ngle 
between the vertical and the inclined plane. 

Also the maximum range 

= fi-b (1 - sin P) = —n r— H7 . 

gcos^p^ ^' ^(l+sm)8) 

Again, the range with an angle of elevation a^ is, by (i), 
the same as that with elevation a, if 

sin (2ai - j8) = sin (2a- /3), 
i,e,, if 2ai-/3 = '7r-(2a-)8), 

I.e., if ^1 = - + j9 — a, 

TT 5 

But T + ^ is the elevation which gives the greatest range. 

Hence for any given range on an inclined plane there 
are two angles of projection, the two corresponding direc- 
tions of projection being equally inclined to that for the 
maximum range on the plane. 
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111. Ex. 1. From, the foot of an inclined plane^ whose rise isl in 
25, a shot is projected with a velocity of 600 feet per second at an 
angle ofSO° with the horizontal, {!) up the plane ^ (2) dovm the plane. 
Find the range in each case. 

Let p be the inolination of the plane, so that 

7 24 

sin^=2g,C0B^=^. 

(i) By Art. 109, the range in the first case 

n/3/1 24 ^/3 
600^ cos 30° sin (30° - /3) _ 600* 2 V2 ' 25 H 
"" 32 COS3/3 ~ 16 ^ 24;* 

262 
360000 26^3(24-7^3) 760000.^ ,„ _, 
= -"16" "^ 4ir676 =I02r^®'^^"^^ ' 

= 6022 feet approximately. 

(ii^ The initial velocity perpendicular to the inclined plane is 
wsin(30°+/3) and the acceleration is -gooBp. Hence the time of 

flight, T, is 2- «^^(^°+^) . Hence, as in Art. 109, if R^ be the 
range, we have Bi cos p=u cos 30° . T. 

 ^.=^7 -^;^°(;»°-^^) J^~iS^S^l). as in (i), 

= 15275 feet approx. 

N.B. The range down an inclined plane may also be obtained 
from the formula of Art. 109, by changing p into - /5, so that it is 

2u^ cosasin(a + /3) 

~g ooB^p * 

Ex. 2. In the previous example, find the greatest range. 
The angle of projection a must 



-l{h')-l4 



y2 

The range now = — ^p-^ (1 - sm P) 

u^ 1 ^6008 

^g l + sin/3" 32 7 

"^25 

360000 X 26 __o^ ., 
= "82^^32- = ®^^^ ^*-*PP'^^- 
Similarly the greatest range down the inclined plane would be 

found to be -^^ „ , i.e., 16625 feet. 

25 
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Ex. 3. -^ particle is prcjected at an angle a ivith the horizontal 
from the foot of a plane, whose inclination to the horizon is /5; sJiew 
that it will strike the plane at right angles, if cotp=2tan{a-fi). 

Let u be the velocity of projection, so that ucos(a-/3) and 
u sin (a - /3) are the initial velocities respectively parallel and perpen- 
dicnlar to the inclined plane. 

The accelerations in these two directions are - ^ sin /3 and - g cos /3. 

Then, as in Art. 109, the time, T, that elapses before the particle 

reaches the plane again is - \ P) 



I " ° " gcoBp 



If the direction of motion at the instant when the particle hits 
the plane be perpendicular to the plane, then the velocity at that 
instant parallel to the plane must be zero. 

Hence u cos (a - /3) - ^ sin /3 . T= 0. 

tt cos (o - j8) _ 2w sin (o — /3) 

psin/3 "" "■ ^coB/3 

.*. cot/3=2tan(o-/3). 

112. Motion upon an inclined plane. A particle moves 
upon a smooth plane which is inclined at an angle P to the 
horizon, being projected from a point in the plane with velo- 
city uina direction inclined at an angle a to the intersection 
of the inclined plane uoith a horizontal plane; to find the 
motion. 

Resolve the acceleration due to gravity into tv^ro com- 
ponents ; one, g sin ^, in the direction of the line of greatest 
slope and the other, gcosfi, perpendicular to the inclined 
plane. The latter acceleration is destroyed by the reaction 
of the plane. 

The particle therefore moves upon the inclined plane 
with an acceleration g sin ^ parallel to the line of greatest 
slope. 

Hence the investigation of the motion is the same as 
that in Arts. 101—107, if we substitute "^sin^" for 
"^", and instead of " vertical distances " read "distances 
measured on the inclined plane parallel to the line of 
greatest slope/' 
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EXAMPLES. XVm. 

1. A plane is inclined at 30° to the horizon; from its foot a 
particle is projected with a velocity of 600 feet per second in a 
direction inclined at an angle of 60° to the horizon ; find the range on 
the inclined plane and the time of flight. 

2. A particle is projected with velocity V, at an angle of 75° 
to the horizon, from the foot of a plane whose inclination is 30°. 
Find where it will strike the plane. Find also the maximum range 
of the particle on the inclined plane. 

3. A particle is projected with velocity 64 feet per second at 
an angle of 45° with the horizon ; find its range on a plane inclined 
at 30° to the horizontal and its time of fiight. Find also its greatest 
range on the incUned plane with the given initial velocity. 

4. A particle is projected with a velocity of 1280 feet per second 
at an angle of 45° with the horizontal ; find its range on a plane 
inclined to the horizon at an angle sin~^f, when projected (i) up, 
(ii) down, the plane. 

5. The velocity of projection of a rifle ball is 800 feet per second. 
Find its greatest range and the corresponding time of flight on planes 
inclined to the horizon at angles of 

(1) 46°, (2) 60°, (3) sin-i^, (4) sin-^A- 

6. The greatest range of a particle, projected with a certain 
velocity, on a horizonal plane is 5000 yards; find its greatest range 
on an inclined plane whose inclination is 45°. 

Find also the greatest range when the particle is projected down 
the inclined plane. 

7. The greatest range, with a given velocity of projection, on a 
horizontal plane is 3000 feet ; shew that the greatest ranges up and 
down a plane inclined at 30° to the horizon are respectively 2000 and 
6000 feet. 

8. From a point on a plane inclined at (1) 30°, (2) 60°, to the 
horizon a particle is projected at right angles to the plane with a 
velocity of 80 feet per second ; find the range on the plane in the two 
cases. 

♦113. A pctrticle is projected into the air with a given 
velocity and direction of projection; to shew that its path is 
a pa/rahola. 

As in Art. 101, let w be the velocity and a the direction 

of projection, PF the horizontal range, A the highest point 

and AM ihQ perpendicular on PP', Then, by Art. 104, 

w^sin'a 
^^=^^ (1)- 



no 



DYNAMICS. 



Also PM = horizontal distance described in time 



u* sin a cos a 
9 



UBuia 



9 
(2). 



Let Q be any point on the path, and let QN^ QL be the 
perpendiculars on AM and PP' respectively. Let t be the 
time from P to Q, 




p L M p' 

Then QL = vertical distance described in time t 



= ttsin a. t — i^gf,,,, 

and PL = u cos a A 

/. from (1) and (3), 

AN = AM-NM=AM-QL 



(3), 
(4). 



w'sin^a . . , 1 ^x g /usma V 
= ""2^ {usmat^igf) = li^— 1) . 

Also from (2) and (4), 

^nr nur t>t «^ sin a COS a 

QN= PM" PL = u cos at 



(u sin a \ 



u^ cos^a . 



2AN 



2m' cos'a 



.AN. 
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Measure AS vertically downwards and equal to 



tt^cos'a 



25^ 
/. QN^=4:AS.AN. 

Hence Q lies on a parabola whose axis is vertical, 
whose vertex is at -4, and whose latus rectum 

9 

Cor. L It will be noted that the latus rectum, and 
therefore the size, of the parabola depends only on the 
initial horizontal velocity and is independent of the initial 
vertical velocity. 

Oor. n. The height of the focus S above the horizontal 
line through P= SM=AM-- AS 

v^ sin' a vi? cos* a v^ 



= — 7T- cos 2a. 



, 2^ ^g 2g 

Hence, if a be less than 45'', this distance is negative and 
the focus of the path is then situated below the horizontal 
line drawn through the point of projection. 

*114. To shew that the velocity at any point is equal in 
VTkagnitvde to that which wovJd he acquired by a pa/rtide 
faXiing freely through the height from the directrix to the 
point. 

In the figure of Art. 113, produce MA to X, making 
AX equal to AS, and draw XK horizontal. Then XK is 
the directrix. 

If V be the velocity at Qy we have, by Art. 102, 
v" = (u sin a — gty + (u cos a)* 

= ia" — 2ug sin at + g^^ 



= 2g \^ -{usina.t- ig^)l 
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But MX = MA + AX = 



w^sin^a w^cos^a u^ 



^9 ^9 ^9 ' 

and MN=QL = u^iTLa,t — ^gf, 

/. tr» = 2^ [MX- MN] = 2g . NX. 

Hence v is equal to the velocity that would be acquired in 
falling through the vertical distance from the directrix 
to the point Q, 

EXAMPLES. XIX. 

1. On the moon there seems to be no atmosphere, and gravity 
there is about one-sixth of that on the earth. What space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 1600 feet per second? 

2. A tennis-ball is served from a height of 8 feet ; it just touches 
the net at a point where it is 3 ft. 3 ins. high and hits the service-Hne 
21 feet from the net ; the horizontal distance of the server from the 
foot of the net being 39 feet, shew that the horizontal velocity of the 
btdl is about 171 feet per second and find the angle of projection. 

3. A plane, of length 6 feet, is incUned at an angle of 30° to 
the horizon, and a particle is projected straight up the plane with 
a velocity of 16 feet per second; find the greatest height attained 
by the particle after leaving the plane, and the range on a horizontal 
plane passing through the foot of the inclined plane. 

4. If a stone be hurled from a sling which has been swung in 
a horizontal circle of 3 feet radius, at a height of 6 feet from the 
ground, and at the steady rate of 21 revolutions in 2 seconds, find the 
range on the ground. 

5. Two guns are pointed at each other, one upwards at the angle 
of elevation 30°, and the other downwards at the same angle of 
depression, the muzzles being 100 feet apart. If the charges leave 
the guns with velocities 1100 and 900 feet per second respectively, 
find when and where they will meet. 

6. In aiming at a mark a projectile falls a ft. short when the 
elevation is a, and goes h ft. too far when the elevation is /3. Shew 
that, if the velocity of projection be the same in all cases, the proper 
elevation is 

1 . . a sin 2j3-|- 6 sin 2a 
- sm""^ — ; . 

2 a + h 

7. A hill is inclined at an angle of 30° to the horizon; from 
a point on the hill one projectile is projected up the hill and an- 
other down; the angle of projection in each case is 46° with the 
horizon; shew that the range of one projectile is nearly 8| that of 
other. 
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8. A particle is projeoted £rom a point on an inclined plane in 
a direction making an angle of 60° with the horizon ; if the range on 
the plane be eqnal to the distance through which another particle 
would fall from rest during the time of flight of the first particle, find 
the inclination of the plane to the horizon. 

9. From a point in a given inclined plane two bodies are pro- 
jected with the same velocity in the same vertical plane at right 
angles to one another; shew that the difference of their ranges is 
constant. 

10. The angular elevation of an enemy's position on a hill h feet 
high is j3; shew that, in order to shell it, the in itial velocity of the 

projectile must not be less than ,Jgh (l + oosec/3). 

IX. Shew that the greatest range on an inclined plane through 
the point of projection is equal to the distance through which the 
particle would fall freely during the corresponding time of flight. 

12. A particle, projected with velocity u, strikes at right angles 
a plane through the point of projection inclined at an angle p to 
the horizon. Shew that the height of the point struck above the 

horizontal plane through the point of projection is — z — . ^ , 

that the time of flight is — . , and that the range on a hori- 

^>/l + 3sin«/3 
zontal plane through the point of projection would be 

m3 sin 2/3 l + sin«j9 



g l + 3sin3/3' 

13. Shew that four times the square of the number of seconds 
in the time of flight in the range on a horizontal plane equals the 
height in feet of the highest point of the trajectory. 

14. If the maximum height of a projectile above a horizontal 
plane passing through the point of projection be h, and a be the angle 
of projection, find the interval between the instants at which tiie 
height of the projectile is h sin^a. 

15. Find the direction in which a rifle must be pointed so that 
the bullet may strike a body let fall from a balloon at the instant of 
firing; find also the point where the bullet meets the body, supposing 
the balloon to be 220 yards high, the angle of its elevation from the 
position of the rifleman to be 30°, and the velocity of projection of 
the bullet to be 1320 feet per second. 

L.D. 8 
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16, Two particles are projected smmltaneously, one mth ve- 
locity F up a smooth plane inclined at an angle of 30° to the horizon, 

2F 
and the other with a velocity -^ at an elevation of 60^ Shew that 

the particles will be relatively at rest at the end of ^ seconds from 
the instant of projection. 

17, The radii of the front and hind wheels of a carriage are 
a and &, and c is the distance between the axle-trees ; a particle of 
dust driven from the highest point of the hind wheel is observed 
to alight on the highest point of the front wheel. Shew that the 
velocity of the carriage is 



^' 



(c-\-h-a)(c + a-h) ^ 
4(6-a) 



18. Find the charge of powder required to send a 68 lb. shot, 
with an elevation of 15°, to a range of 3000 yards, given that the 
velocity communicated to the same shot by a charge of 10 lbs. is 
1600 feet per second, and assuming that the kinetic energy of the 
shot is proportional to the magnitude of the charge. 

19. A body, of mass 2 lbs., is projected with a velocity of 20 feet 
per second at an angle of 60° to the horizon; another body, of mass 
3 lbs., is at the same time projected from the same point with a velocity 
of 40 feet per second at an angle of 30° to the horizon. Find to two 
places of decimals the height to which their common centre of gravity 
rises, and the distance of the point at which it meets the horizontal 
plane through the point of projection. 

20. A train is travelling at the rate of 45 miles per hour, and 
a passenger throws up a ball vertically with an initial velocity of 
12 feet per second; find the latus rectum of the path which it de- 
scribes. If the ball be projected with the same velocity at 60° to 
the vertical ^1) in the same direction, (2) in the opposite direction, 
with the motion of the train, find the latus rectum in each case. 

21. In a trajectory find the time that elapses before the particle 
is at the end of the latus rectum. 

22. A particle is projected so as to enter in the direction of 
its length a small straight tube of small bore fixed at an angle of 
45° to the horizon and to pass out at the other end of the tube; 
shew tiiat the latera recta of the paths which the particle describes 
before entering and leaving the tube differ by ^^2 times the length 
of the tube. 

23. A particle is projected horizontsJly from the top of a tower, 
100 feet high, and the focus of the parabola which it describes is 
in the horizontal plane through the foot of the tower; find the 
velocity of projection. 
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24. A partiole is projected with velocity 2^^ so that it jnst 
defers two walls, of equal height a, which are at a distance 2a from 
each other. Shew that the latus rectnm of the path is 2a, and that 

the time of passing between the walls is 2 



\/ 9 



25. Shew that the locus of the foci of all trajectories which pass 
through two given points is a hyperbola. 

26. If £ be the time in which a projectile reaches a point P of 
its path, and t' be the time from P till it strikes the horizontal plane 
through the point of projection, shew that the height of P above the 
plane is ^gtlf, 

27. 1^ ftt any point of a parabolic path the velocity be u and the 
inclination to the horizon be d, shew that the partiole is moving at 

right angles to its former direction after a time — ; — ;. . 
° flf sm^ 



8—2 



CHAPTER VIII. 
Collision of Elastic Bodies. 

115. If a man allow a glass ball to drop from his 
hand upon a marble floor it rebounds to a considerable 
height, almost as high as his hand; if the same ball be 
allowed to fall upon a wooden floor, it rebounds through 
a much smaller distance. 

If we allow an ivory billiard ball and a glass ball to 
drop from the same height, the distances through which 
they rebound will be diflerent. 

If again we drop a leaden ball upon the same floors, 
the distances through which it rebounds are much smaller 
than in either of the former cases. 

Now the velocities of these bodies are the same on 
first touching the floor; but, since they rebound through 
diflerent heights, their velocities on leaving the floor must 
be different. 

The property of the bodies which causes these differ- 
ences in their velocities after leaving the floor is called their 
Elasticity. 

In the present chapter we shall consider some simple 
cases of the impact of elastic bodies. We can only discuss 
the cases of particles in collision with particles or planes, 
and of smooth homogeneous spheres in collision with 
smooth planes or smooth spheres. 
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116. Def. Two bodies are said to impinge directly 
when the direction of motion of each is along the common 
normal at the point at which they touch. 

They are said to impinge obliquely when the direction 
of motion of either, or both, is not along the common 
normal at the point of contact. 

The direction of this common normal is called the line 
of impact 

In the case of two spheres the common normal is the 
line joining their centres. 

117. Kewton's Experimental Law. Newton found, 
by experiment, that, if two bodies, impinge directly, their 
relative velocity after impact is in a constant ratio to their 
relative velocity before impact, and is in the opposite 
direction. 

If the bodies impinge obliquely, their relative velocity 
resolved along their common normal after impact is in a 
constant ratio to their relative velocity before impact 
resolved in the same direction, and is of opposite sign. 

This constant ratio depends on the substances of which 
the bodies are made, and is independent of the masses of 
the bodies. It is generally denoted by e and is called 
the Modulus or Coefficient of Elasticity, Restitution, or 
Resilience. Either of the two latter terms is better than 
the first, which is used in Physics for other meanings. 

If Uj u' be the component velocities of two bodies 
before impact along their common normal and v, v' the 
component velocities of the bodies m the same direction 
after impact, the law states that v — t?' = — e (w — u'). 

The value of e has widely different values for different 
bodies; for two glass balls « is '94; for two ivory ones it is 
•81; for two of cork it is '65; for two of cast-iron about 
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•66; whilst for two balls of lead it is about '20, and for 
two balls, one of lead and the other of iron, the value is 
•13. 

Bodies for which the coefficient of restitution is zero 
are said to be "inelastic"; whilst "perfectly elastic" 
bodies are those for which the coefficient is unity. Pro- 
bably there are no bodies in nature coming strictly under 
either of these headings; approximate examples of the 
former class are such bodies as putty, whilst probably the 
nearest approach to the latter class is made by glass balls. 

More careful experiments have shewn that the ratio of the relative 
velocities before and after impact is not absolutely constant, bnt that 
it decreases very slightly for very large velocities of approach of the 
bodies. 

118. Motion of itvo smooth bodies perpendiciUa/r to the 
line of iw/pact. 

When two smooth bodies impinge, there is no tangential 
action between them, so that the stress between them is 
entirely along their common normal. Hence there is no 
force perpendicular to this common normal, and therefore 
no change of velocity in that direction. Hence the com- 
ponent velocity of each body perpendicular to the common 
normal is unaltered by the impact. 

119. Motion of two bodies along the line of impact. 

From Art. 86 it follows that, when two bodies impinge, 
the sum of their momenta along the line of impact is the 
same after impact as befora 

The two principles enunciated in this and the previous 
article, together with Newton's experimental law, are 
sufficient to find the change in the motion of particles 
and smooth spheres produced by a collision. 

We shall now proceed to the discussion of particular 
cases. 
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120. Impact on a fixed plane. A smooth sphere, or 
particle^ whose mass is m and whose coefficient of restitution 
is e, impinges obliquely on a Jioced plcme ; to find the change 
in its motion. 

Let AB \yQ the fixed plane, C the point at which the 




sphere impinges, and CN the normal to the plane at O so 
that CN passes through the centre, 0, of the sphere. 

Let DO, OE be the directions of motion of the centre 
of the sphere before and after impact, and let the angles 
NOD, NOE be a and 0. Let w, v be the velocities of the 
sphere before and after impact as indicated in the figure. 

Since the plane is smooth, there is no force parallel to 
the plane; hence the velocity of the sphere resolved in a 
direction parallel to the plane is unaltered. 

.*. i; sin ^ = u sin a (1). 

By Newton's experimental law, the relative velocity 
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along the common normal after impact is {—e) times the 
relative velocity before impact. 

Hence tjcostf — = — 6(— wcosa — 0). 

/. V cos $ = eu cos a (2). 

From (1) and (2), by squaring and adding, we have 

v = u ^sin^a + e* cos* a, 

and, by division, cot 6 = e cot a. 

These two equations give the velocity and direction of 
motion after impact. 

The impulse of the pressure on the plane is equal and opposite to 
the impulse of the pressure on the sphere, and is therefore measured 
by the change of the momentum of t]^e sphere perpendicular to the 
plane. 

Hence the impulse of the blow s= mu cos a-^mv cos d 

=m(l + €)t«C08a. 

Cor. 1. If the impact be direct, we have a = 0. 

.*. ^ = 0, and V = eu. 

Hence The direction of motion of a sphere^ which im- 
pinges directly on a smooth plane, is reversed and its velocity 
redticed in the ratio 1 : e. 

Cor. 2. If the coefficient of restitution be unity, we 
have $ = a, and v = u. 

Hence When the plane is perfectly elastic the a/ngle of 
refleadon is equal to that of incidence, and the velocity is 
unaltered in m^nitmde. 

Cor. 3. If the coefficient of restitution be zero, we 
have = 90°, and v = w sin a. 

Hence A sphere after impact with an inelastic plane 
slides along the plane with its velocity parallel to the pla/ne 
unaltered. 
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121. Ex. -4 ^<*^^> moving with a velocity of 10 feet per second, 
impinges on a smooth fixed plane at an angle of 46°; if the coefficient 
of restitution he ^, find the velocity and direction of motion of the ball 
after the impact. 

Let its velocity after the impact be v at an angle $ with the fixed 
plane. 

Its component velocities along and perpendicular to the plane, 

before impact, are each 10 x-^, i.e., 5/^2. After impact its com- 

ponent velocities in the same two directions are v cos and v sin 0, 

Hence we have t? cos ^ = 5 ^/2, 

vBisi0=e. 5^2=4^2. 

.'. squaring and adding, 

t;«=82, so that 17=^782=9-06. 

Also, by division, tan^=^, so that, by the table of natural 
tangents, ^=38° 40' nearly. Hence, after the impact, the ball moves 
with a velocity of 9*06 ft. per sec. at an angle of 38° 40' with the 
plane. 

EXAMPLES. XZ. 

1. A glass marble drops from a height of 9 feet upon a horizontal 
floor; if the coefficient of restitution be *9, find the height to which 
it rises after the impact. 

2. An ivory ball is dropped from a height of 25 feet upon a 
horizontal slab; if it rebound to a height of 16 feet, shew that the 
coefficient of restitution between the slab and the ball is '8. 

3. A heavy elastic' ball drops from the ceiling of a room, and 
after rebounding twice from the floor reaches a height equal to one 
half that of the ceiling; shew that the coefficient of restitution 

is4^j. 

4. From a point in one wall of a room a ball is projected along 
the smooth floor to hit the opposite wall and returns to the point 
from which it started; if the coefficient of restitution be ^, shew that 
the ball takes twice as long in returning as it took in going. 

5. From a point in the floor of a room a ball is projected 
vertically with velocity S2JS feet per second; if the height of the 
room be 16 feet, and the coefficients of restitution between the ball 

and the ceiling and the ball and the floor be each —t^ , shew that the 

ball, after rebounding from the ceiling and the floor, will again just 
reach the height of the ceiling. 

6. A ball moving with a velocity of 8 ft. per sec. impinges at an 
angle of 30° on a smooth plane; fiild its velocity and direction of 
motion after the impact, the coefficient of restitution being J. 
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7. A sphere moving with a velocity of 5 ft. per sec. hits against 
a^ smooth plane, its direction of motion being inclined at an angle 
sin"^ \ (=36° 62') to the plane; shew that after impact its velocity is 
2*^6 (=4-47) ft. per sec. at an angle tan-^ i (=26° 34') with the plane, 
if the coefficient of restitution be §. 

8. A ball falls from a height of 16 feet upon a plane inclined at 
(1) 30°, (2) 45°, and (3) 60°, to the horizon ; find the velocity and 
direction of motion after the impact in the three cases, the coefficient 
of restitution being f . 

122. Direct impact of two spheres. A smooth sphere^ 
of mass my impinges directly with velocity u on another 
smooth spherCy of tnass m', moving in the samie direction 
with velocity u'. If the coefficient of restitution he e, to find 
their velocities after the impact. 

Let V, v' be the velocities of the two spheres after 
impact. 

By Newton's experimental law, the relative velocity 

after impact is (— e) times the relative velocity before 

impact. 

.\ v—v* = — e(u-'U') (1). 




Again, the only force acting on the bodies during the 
impact is the blow along the line of centres. Hence, by 
Art. 119, the total momentum in that direction is unaltered. 

.*. mv + mV = mw + mV (2). 
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Multiplying (1) by m\ and adding to (2), we have 
(m + m!) v = (m — em') w + m' (1 + e) u\ 

Again multiplying (1) by m, and subtracting from (2), 

we have 

{m + m') v' = m (1 +e)u + (m — em) u\ 

These two equations give the velocities after impact. 

If the second sphere be moving in a direction opposite 
to that of the first, we must change the sign of u'. 

Also the impulse of the blow on the ball m 

=the change produced in its momentum 

. . mm' .- . , ,- 
=m(u-v) = , (1 + e)(u- u'). 

The impulse of the blow on the other ball is equal and opposite 
to this: 

Cor, If we put m = m' and e = 1, we have 

V = u'y and v' = u. 

Hence If two equal perfectly elastic halh impinge directly 
they interchange their velocities. 

123. Ex. 1. -4 hall, of mass Slbs, and moving with velocity 
^feet per second, overtakes a hall, of m^ass 10 lbs. moving with velocity 
2 feet per second in the same direction; if e he i, find the velocities of 
the balls after impact. 

Let V, v' be the required velocities. 

Since the total momentum is unaltered, 

/. 8t? + 10v'=8x4 + 10x2=52. 

By Newton's Law, 

t7-i?'=-J[4-2]=-l. 

.-. solving, v=2J, and v'=3J, feet per second. 

Ex. 2. If iw the previous question, the second hall he moving in a 
direction opposite to the first, find the velocities. 

Here the equations are 

8i; + l(h;'=8x 4- 10x2 = 12, 

and t;_i,'=_j[4-(-2)]=-3. 

Hence, solving, 1?= -1, v'=2, feet per second so that each ball 
turns back after the impact, since the velocities are reckoned positively 
in the direction in which the first was going before impact. 
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124. Oblique impact of two spheres. A smooth spherej 
of mass my impinges with a velocity u obliquely on a smooth 
sphere, of mass ra\ moving with velocity u'. If the directions 
of motion before impact vnake angles a, j3 respectively with 
the line joiniiig the centres of the spheres, and if the co- 
efficient of restitution be e, to find the velocities and directions 
of motion after impact. 

Let the velocities of the spheres after impact be v, v' 
in directions inclined at angles ^, <^ to the line of centres. 

Since the spheres are smooth, there is no force perpen- 
dicular to the line joining the centres of the two balls, and 
therefore the velocities in that direction are unaltered. 

Hence v sin B — u sin a (1), 

and 'y'sin<^ = w'sinj8 (2). 




For the motion along the line of centres we have, by 
Newton's Law, 

i?cos^-'y'cos<^ = - e (wcosa-w' cos)8) (3). 

Again, the only force acting on the spheres during the 
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impact is the blow along the line of centres. Hence 
(Art. 119) the total momentum in that direction is un- 
altered. 

.'. mv cos 6 + mV cos <^ = mu cos a + mV cos p.., (4). 

The equations (1), (2), (3), (4) determine the unknown 
quantities v, v\ tf, <^. 

Multiply (3) by m\ add to (4), and we obtain 

^ (m— em')wcosa + m' (1 +e)tt'cos)S ,^. 

So multiplying (3) by m, and subtracting from (4), we 
get 

, , m (1 + e) M cos a + (m' - em) v! cos Q ,^. 
V cos<f>= — ^ ^ ^—7 ^- ^ (Q), 

From (1), (5) by squaring and adding we obtain v^, and 
by division we have tan 6, 

Similarly from (2), (6) we obtain v'^ and tan <f>. 

Hence the motion is completely determined. 

The impulse of the blow on the first ball = the change produced in 
its momentum = m (t« cos a - v cos d) 

VfilTh' 

= -. (1 + e) iu cos a - m' cos /3), on reduction. 

The impulse of the blow on the other ball is equal and opposite 
to this. 

Oor. 1. If w' = 0, we have from equation (2) <^ = 0, and 
hence the sphere m! moves along the lines of centres. This 
follows independently, since the only force on m! is along 
the line of centres. 

Oor. 2. If m = m', and e = 1, we have 

V cos B = u' cos j3, and v' cos ^ = w cos a. 

Hence If two equal perfectly elastic spheres impinge they 
vntercha/nge their velocities in the direction of the line oj 
centres. 
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125. Ex. 1. >^ hallt of mass 5 Jhs, and moving with velocity 
15 ft, "per see.^ impinges on a ballf of inass 10 lbs. and moving with 
velocity 5 ft. per sec; if their velocities before impact be parallel and 
inclined at an angle of 30° to the line joining their centres at the 
instant of impact, find the resulting motion^ the coefficient of restitution 
being \* 

Let the velocities after impact be v and v' at angles 9 and to the 
line joining the centres. 

Since the velocities perpendicular to the line of centres are 
unaltered, we have 

t;sind = 15sin30°=J^ (1), 

and v'sin0=6sin3O°=t (2). 

By Newton's Law, 

vcos^-i?'cos0=-J[15cos3O°-5cos3OT=-6^....(3). 

Since the momentum along the line of impact is unaltered, 
.-. 5t;cosd+lOt;'cos0=5 . 15'V+10.5^. 

:. V cos ^ + 2v' cos 0=26^ (4). 

Solving (3) and (4), we have 

vcos^=5^ (5), 

and t;' cos 0=6 ^3 (6). 

From (1) and (5), we have t>=6^3, and ^=60°. 

From (2) and (6), we have v'=\ mJiS, and tan 0=5-75 = ^ , 

2 ^6 o 

that, by the table of natural tangents, 0=16° 6'. 



so 



Ex. 2. Two smooth baUsy one of mass double that of the other , are 
moving with equal velocities in opposite parallel directions and impinge , 
their directions of motion at the instant of impact making angles of 30^ 
with the line of centres. If the coefficient of restitution be J, find the 
velocities and directions of motion after the impact. 

Let the masses of the balls be 2m, m and let the velocities after 
impact be t7, v' respectively at angles ^, to the line of centres. 

Since the velocities perpendicular to the line of centres are 
unaltered, 

/. t;sin^=Msin30°=5 (1), 

U 

and t>'sin0=wsin3O°=5 (2). 
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By Newton's law, 
t>cosd-i/cos0= -<;[ttCOs30°-(-wco8 30°)]= -m^....(3). 

Since the momentum resolved parallel to the line of centres 
remains nnaltered, 

.*. 2mv cos 6 + mt?' cos 4> = 2mw cos 30° - ma cos 30°, 

/. 2vcosd+t?'cos0=u^ (4). 




Solving (3) and (4), we have vcosd=0, r'cos 0=w ^ . 

From these equations and (1) and (2), we obtain 

^=90°, v=5; 0=30°, i/=«. 

Hence after impact the larger ball starts off in a direction perpen- 
dicular to the line of centres with half its former velocity, and the 
smaller ball moves as if it were a perfectly elastic ball impinging on a 
fixed plane. 

EXAMPLES. XXL 

1, A sphere, of mass 4 lbs. and moving with velocity 5 ft. per 
sec, overtakes a sphere of mass 3 lbs. and moving with velocity 
4 ft. per sec. ; if the impact be direct and the coefficient of restitution 
be 4, find the velocities of the spheres after impact. 

2. A ball, of mass 10 lbs. and moving with velocity 6 ft. per sea , 
overtakes a sphere, of mass 8 lbs. and moving with velocity 3 ft. per 
sec. ; if the impact be direct and the coefficient of restitution be f , 
find the velocities of the spheres after impact. 
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3. A sphere, moving with velocity 12 ft. per sec, meets an equal 
sphere moving in the same line with a velocity of 6 ft. per sec. in 
the opposite direction ; if the coefficient of restitution be J, find their 
velocities after the impact. 

4. If a ball overtake a ball of twice its own mass moving with 
one-seventh of its velocity, and if the coefficient of restitution between 
them be |, shew that the first ball will, after striking the second ball, 
remain at rest. 

5. If the masses of two balls be as 2 : 1, and their respective 
velocities before impact be as 1 : 2 and in opposite directions, and e 
be I, shew that each ball will after direct impact move back with fths 
of its original velocity. 

6. A sphere impinges directly on an equal sphere at rest ; if the 
coefficient of restitution be «, shew that their velocities after the im- 
pact are as 1 - « : 1 + e. 

7. A ball, of mass m and moving with velocity u, impinges on a 
ball, of mass em and moving with velocity eu in the opposite direction ; 
if the impact be direct and e be the coefficient of restitution, shew 
that the velocity of the second ball after impact is the same as that of 
the first ball before impact. 

8. A ball, of mass 2 lbs., impinges directly on a ball, of mass 1 lb., 
which is at rest ; find the coefficient of restitution if the velocity with 
which the larger ball impinges be equal to the velocity of the smaller 
ball after impact. 

9. A ball of mass m impinges directly upon a ball of mass % at 
rest ; the velocity of m after impact is fths of its velocity before impact 
and the coefficient of restitution is -f; compare (i) the masses of the 
two balls, and (ii) the velocities of m and % after impact. 

10. Three spheres, whose masses are 2 lbs., 6 lbs., and 12 lbs. 
respectively, and whose velocities are 12, 4, and 2 feet per second 
respectively, are moving in a straight line in the above order. If 
the coefficient of restitution be unity, shew that the first two spheres 
will be brought to rest by the collisions which will take place. 

11. A ball is let fall from a height of 64 feet, and at the same 
instant an equal ball is projected from the ground with a velocity 
of 128 feet per second to meet it in direct impact: if the coefficient of 
restitution be i, find the times that elapse after the impact before 
the balls reach the ground. 

12. An inelastic sphere impinges obliquely on a second sphere at 
rest, whose mass is twice its own, in a direction making an angle 
of 30° with the line joining the centres of the spheres; shew that 
its direction of motion is turned through an angle of 30°. 

13. Two equal balls moving with equal speeds impinge, their 
directions being inclined at 30° and 60° to the line joining their 
centres at the instant of impact ; if the coefficient of restitution be 
unity, shew that after impact they are moving in parallel directions 
inclined at 45° to the line of centres. 
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14. Two equal balls, moving with equal velocities, impinge; if 
their directions of motion before impact make angles of 30° and 90^ 
respectively with the line joining the centres at the instant of impact, 
and if the coefficient of restitution be J, shew that after impact the 
balls are moving in parallel directions, and that the velocity of one is 
double that of the otiier. 

15. Two equal perfectly elastic balls impinge; if their directions 
of motion before impact be at right angles, shew that their directions, 
of motion after impact are at right angles also. 

16. A sphere, moving with velocity u^^y impinges on an equal 
sphere, moving with velocity w, their directions of motion before 
impact making angles of 30° and 60° with the line of centres; shew 
that, if the coefficient of restitution be unity, their directions of 
motion after impact make angles of 60° and 30° respectively with the 
Hne of centres. 

17. A sphere, of mass 5m and moving with velocity 13u, impinges 
on a sphere, of mass m and moving with velocity 5u, their directions 
of motion being inclined at angles of sin"^ ^ and sin~i f respectively 
to the line of centres; if the coefficient of restitution be ^, find their 
velocities and directions of motion after the impact. 

126. Aetion between two elastic bodies during their 
collision. When two elastic bodies impinge, the time during 
which the impact lasts may be divided into two parts, during 
the first of which the bodies are compressing one another, 
and during the second of which they are recovering their 
shape. That the bodies are compressed may be shewn 
experimentally by dropping a billiard ball upon a floor 
which has been covered with fine coloured powder. At 
the spot where the ball hits the floor, the powder will be 
found to be removed not from a geometrical point only, but 
from a small circle; this shews that at some instant during 
the compression the part of the ball in contact with the 
floor was a circle ; it follows that the ball was then deformed 
and afterwards recovered its shape. 

The first portion of the impact lasts until the bodies 

are instantaneously moving with the same velocity ; forces 

then come into play tending to make the bodies recover 

their shape. The mutual action between the bodies during 

L. D. 9 
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the first portion of the impact is often called '^ the force 
of compression," and that during the second portion "the 
force of restitution." 

127. It is easy to shew that the ratio of the impulses 
of the forces of restitution and compression is equal to the 
quantity e, which we have defined as the coefficient of 
restitution. 

Consider the case of one sphere impinging directly on 
another, as in Art. 122, and use the same notation. 

Let U be the common velocity of the bodies at the 
instant when the compression is finished. Then 

miu — U) is the loss of momentum by the first ball, 
and m! (U—u') is the gain by the second ball. 

.*. if / be the impulse of the force of compression, we 
have / = m (w - 17) = m' (U— u'\ 

.*. — + — ^, = w~ U-\- U—u' = u — u' (1). 

m ra ^ 

Again, the loss of momentum by the first ball during 
the period of restitution is m(U—v), and the gain by the 
second ball is m' {v' — U), 

.'. if /' be the impulse of the force of restitution, 

r=:m{U-v) = nif(v'-U), 

/. -+L = U-'V-\-v'-U=v''-v (2). 

mm ^ ' 

r v' - i? 

.*. from (1) and (2), -=- = j = e. 

^ ^ ' I u—u 

.-. /' = e/. 

**128. Loss of Kinetic Energy by impact. Tvx> spheres 
of given masses moving with given velocities impinge; to 
shew that there is a loss of kinetic energy and to find the 
amount 
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I. Let the collision be direct and the notation as in 
Art. 122. 

Then we have 

mv + m V = mu + m'u' ( 1 ), 

v-v'=-'e{u-u') (2). 

To the square of (1) add the square of (2) multiplied by 
mm' 'y we then have 

{in? + mm!) v^ + {m'^ + mm) v'^ 

= (mu + m'u'Y + ^mm' {u - u')% 

or (m + m') {mv^ + m'v'^) 

— {mu, + m'u'Y + mw' {u ~ u'y — (1 — (?) vnan! {u - u'Y 
= (m + m') (m,v? + iribv!^) - (1 - ^) mm' {u — u')\ 

:. hm' + AmV^ = imv? + ^m'u'^ - ^-^ -^^ (u - u')\ 
^ ^ ^ ^ 2 m+m^ ' 

,'. kinetic energy after impact = kinetic energy before 

. 1 - e* mm' . ,.„ 

impact ^ 7 (u — u Y, 

^ 2 m+m^ • 

Hence the loss of kinetic energy is 

l-^ mm' 

— o ? iu-u )% 

2 m+m^ ' 

and this loss does not vanish unless e = 1, that is, unless 
the balls are perfectly elastic. 

II. Let the collision be oblique and the notation as in 
Art. 124. 

As in I., we have 

Jmr^ cos*^ + \m'v'^ cos^<^ = ^u^ cos^a + ^'u'^ cos^jS 

1 — e* mm' . , ^.„ .«. 

-z: >mcosa — w cos«r...(3). 

2 m + m^ r-/ \ / 

9—2 
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Also, since v sin $ = u sin a, and v' sin <l> = u' sin /S, we 
have 

^mv^ sin'^ + ^m'v'^ sin'^ = Jmw^ sin' a 

+ JwV'sin')8 (4). 

Adding (3) and (4), we have 

The kinetic energy after impact = kinetic energy before 

1 - e* mm' , - . , ^. „ 

impact ^ 7 iu cos a-u cos p)'*. 

Hence we see that in any impact, unless the coefficient 
of restitution be unity, some kinetic energy is lost. 

This missing kinetic energy is converted into molecular 
energy and chiefly reappears in the shape of heat. 

129. Ex. 1. -4 particle falls from a height h upon a fixed hori' 
zontal plane; if e he the coefficient of restitution, shew that the whole 
distance described by the particle before it has finished rebounding is 

z i h, and that the time that elapses is a / — ■. — ' 

1-6*' ^ \ g 1-e 

Let u be the velocity of the particle when it first hits the plane, 
so that u'=2p/i. 

By Art. 120, Cor. 1, the partide rebounds with velocity eu. 

The velocity when it again hits the plane is eu, and the velocity 
after the second rebound is ehi. 

Similarly the velocity after the third, fourth, ... rebounds is e>u, 
c*u, .... 

The heights to which the particle ascends after the first, second,... 

rebounds are -jr— , ^r^, -~- ... i.e., e^h, e*hy efih, .... 
2g 2g 2g * 

Hence the whole space described 

= fe+2 (e^h-\-e^h-\-^h^r ... ad inf.) 



=h-{-2h 



«« 



l-e2» 
by summing the infinite geometric progression. 

Also the time of falling originally £= j^ — . 
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The times of ascending after the impacts are the times in which 
the velocities eu, ehi, e*M, ... are destroyed by gravity. 

Hence these times are — , — , — ... t.«., e j./ — , c^ ^ / — , ... 

9 9 9 \ 9 \ 9 

Hence the whole time during which the particle is in motion 

Ex. 2. From' a point in a smooth horizontal plane a particle is 

projected with velocity u at an angle a to the horizon; if the coefficient 

of restitution between the particle and the plane he e, shew that the 

distance described along the plane before the particle ceases to rebound 

. V? sin 2a 

IS z . 

9 l-e 

The initial vertical velocity is t^sin a. 

The initial vertical velocities after the first, second, ... rebounds 
are, as in the last example, ^usina, e^sin a, e'u sin a, ... 

Hence the time between the first and second rebounds is, as in 

Art.l05,2^!i?^. 

9 

a ,, .. . ., ., i_ . . . rt ^*w sin o ^ e'u sin tt 
So the tmies m the other trajectones are 2 , 2 ... 

Hence the total time that elapses before the particle ceases to 

rebound 

2iisina 2eusiYxa 2£^sina . . . 

= + H ... ad xnf. 

9 9 9 

2uema^^ „ _ 2t«sina 1 

9 9 l-« 

During this time the horizontal velocity, being unaltered by the 
impacts, is always u cos a. 

Hence the horizontal distance described 

2u sin a 1 tt^ sin 2a 

= = — xiiCosa= — 7i T-, 

9 l-e 90--^) 

After the particle has ceased to rebound, it moves along the plane 
with constant velocity u cos a. 

EXAMPLES. XXn. 

1. An elastic particle is projected against a vertical wall so as 
to return after impact to the point from which it was projected. 
If the angle of projection be a, and the direction of the path of the 
particle when it again reaches the point of projection make an angle 
p with the horizontal, shew that tana=etanj9, where e is the 
coefficient of restitution. 
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2. Shew that an elastic sphere let fall from a height of 16 feet 
above a fixed horizontal table will come to rest in 8 seconds, after 
describing 65 feet, supposing the coefficient of restitution to be j^. 

3. A ball falls from a height of 48 feet upon an elastic horizontal 
plane; if the coefficient of elasticity be J, find the total space de- 
scribed by the sphere before i^ finally comes to rest, and the time that 
elapses. 

4. A particle is projected from a point in a horizontal plane 
with a velocity of 64 feet per second at an angle of 30° with the 
horizon ; if the coefficient of restitution be f , find the distance de- 
scribed by it horizontally before it ceases to rebound, and the time 
that elapses. 

5. A ball falls vertically for 2 seconds and hits a plane inclined 
at 30° to the horizon ; if the coefficient of restitution be f , shew that 
the time that elapses before it again hits the plane is 3 seconds. 

6. A perfectly elastic ball is dropped from the top of a tower 
of height hf and when it has fallen half-way to the ground it strikes 
a rigid projecting stone inclined at 45° to the horizon ; find where it 
will reach the ground. 

7. A ball, Qkt rest on a smooth horizontal plane at the distance of 
one yard from a wall, is impinged on directly by another equal ball 
moving at right angles to the wall with a velocity of a yard per 
second. If the coefficients of resiitution between the balls, and the 
balls and wall, be each ^, shew that they will impinge a second time 
at the end of 2*4 seconds, the radii of the balls being of inconsiderable 
miagnitude. 

8. Two equal marbles, A and B, lie in a smooth horizontal 

circular groove at opposite ends of a diameter; A is projected along 

the groove and at the end of time t impinges on B; shew that a 

2t 
second impact will occur at the end of time — . 

9. Two marbles, of equal diameter but of masses 10m and 11m, 
are projected from the same point with velocities, equal in magnitude 
but opposite in direction, along a circular groove; where will the 
second impact take place if the coefficient of restitution be f ? 

10. A sphere, of mass m, impinges obliquely on a sphere, of 
mass M^ which is at 'rest. Shew that, if m=eMt the velocities of the 
spheres after impact are at right angles. 

11. A sphere impinges on a sphere of equal mass which is at 
rest ; if the directions of motion after impact be inclined at angles 
of 30° to the original direction of motion of the impinging sphere, 
shew that the coefficient of restitution is ^. 

12. A ball impinges on another equal ball moving with the same 
speed in a direction perpendicular to its own, the line joining the 
centres of the balls at the instant of impact being perpendicular to the 
direction of motion of the second ball ; if e be the coefficient of resti- 
tution, shew that the direction of motion of the second ball is turned 

through an angle tan~^ —^r- . 
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13. Two equal smooth elastio spheres, moving in opposite parallel 
directions with equal speeds, impinge on one another; if die inclination 
of their directions of motion to the line of centres be idkior^^Je, where 
e is the coefficient of restitution, shew that their directions of motion 
will be turned through a right angle. 

14. Two equal balls are in contact on a table; a third equal ball 
strikes them simultaneously and remains at rest after the impact; 
shew that the coefficient of restitution is J. 

15. The masses of five balls at rest in a straight line form a 
geometrical progression whose ratio is 2, and their coefficients of 
restitution are each |. If the first ball be started towards the second, 
shew that the velocity communicated to the fifth is (f )^u. 

16. A ball of given elasticity slides from rest down a Eonooth 
inclined plane, of length I, which is inclined at an angle a to the 
horizon, and impinges on a fixed smooth horizontal plane at the foot 
of the former; find its range on the horizontal plane. 

17. A heavy elastic ball falls from a height of n feet and meets a 
plane inclined at an angle of 60° to the horizon ; find tihe distance 
between the first two points at which it strikes the plane. 

18. An inelastic ball, of small radius, sliding along a smooth 
horizontal plane with a velocity of 16 feet per second, impinges on a 
smooth horizontal rail at right angles to its direction of motion ; if 
the height of the rail above tiie plane be one half the radius of the 
ball, shew that the latus rectum of the parabola subsequently de- 
scribed is one foot in length. 

19. A particle is projected along a smooth horizontal plane from 
a given point A in it, so that after impinging on an imperfectly elastio 
vertical plane it may pass through another given point B of the 
horizontal plane ; give a geometrical construction for the direction of 
projection. 

20. A smooth circular table is surrounded by a smooth rim whose 
interior surface is vertical. Shew that a ball, of elasticity e, projected 
along the table from a point in the rim in a direction making an angle 

tan-i ^ = J with the radius through the point, will return to 

the point of projection after two impacts on the rim. Prove also 
that when the baJl returns to the point of projection its velocity is to 

its original velocity as 6? : 1. 

If the angle that its direction of projection makes with the radius 

be tan~^ e^, shew that it will return to the point of projection after 
three rebounds. 

21. Two elastic particles are projected simultaneously from a 
point in a smooth horizontal plane; shew that their centre of gravity 
will describe a number of arcs of the same parabola in different 
positions. 



CHAPTER IX. 
The Hodograph Aim Normal Accelerations. 

130. In the following chapter we shall consider the 
motion of a particle which moves in a curve. It will be 
convenient, as a preliminary, to explain how the velocity, 
direction of motion, and acceleration of a particle moving 
in any manner may be mapped out by means of another 
curve. 

131. Hodograph. Def. If a particle be moving in any 
path whatever, and if from any povnt 0, fixed in apaoe, we 
draw a straight line OQ pa/raiUel and proportional to the 
velocity at amy point F of the path, the cv/rve tranced oiU by 
the end Q of this straight line is called the hodograph of 
the path of the particle, 

132. Theorem. If the hodograph of the path of a 
moving point P be drawn, then the velocity of the corre- 
sponding point Q in the hodograph represents, in magnitude 
and direction, the acceleration of the moving point P in its 
path. 

Let P, P* be two points on the path close to one an- 
other ; draw OQ, OQ: parallel to the tangents at P, P and 
proportional to the velocities there, so that Q, Q' are two 
points on the hodograph very close to one anotlier. 
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Whilst the particle has moved from P to P' its velocity- 
has changed from OQ to OQ'y and therefore, as in Art. 27, 
the change of velocity is represented by QQ, 



/ 




Now let P be taken indefinitely close to P, so that 
QQ' becomes an indefinitely small portion of the arc of the 
hodograph. 

If T be the time of describing the arc PP', then, by 

A^«oxt 1 X. i.T» change of velocity in time t 
Art. 28, the acceleration of P = 

T 

QQ' 

= - — = velocity of Q in the hodograph. 

Hence the velocity of Q in the hodograph represents, 
in magnitude and direction, the acceleration of P in the 
path. 

133. Examples. 1, The hodograph of a point describing a circle 
with nniform speed is another circle which the corresponding point 
describes with uniform speed. For, in this case, since the magnitude 
of the velocity of P is constant, the line OQ is constant in length, 
and therefore Q always lies on a circle whose centre is 0. Also, since 
the point P describes its circle uniformly, the tangent at P turns 
through equal angles in equal times, and therefore the line OQ turns 
through equal angles in equal times. 

2. The hodograph of a point describing a straight line with con- 
stant acceleration is a straight line, which the corresponding point 
describes with constant velocity. For, in this case, the line OQ is 
always drawn in a fixed direction and the velocity of Q, being equal in 
magnitude to the constant acceleration of P, is also constant. 
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Normal Acceleration. 

134. We have learnt from the First Law of Motion 
that every particle, once in motion and acted on by no 
forces, continues to move in a straight line with uniform 
velocity. Hence it will not describe a curved line unless 
acted upon by some external force. If it describe a curve 
with uniform speed, there can be no force in the direction 
of the tangent to its path, or otherwise its speed would be 
altered, and so the only force acting on it is normal to its 
path. If its speed be not constant, there must in addition 
be a tangential force. 

In the following articles we shall investigate the simple 
case of the normal acceleration of a particle moving in a 
circle with constant speed. 

135. TheorenL If a particle describe a circle of radius 
r with uniform speed v, to shew that its acceleration is — 
directed toward the centre of ifie circle. 



Qy' 





Let P, P' be two consecutive positions of the moving 
particle and Q, Q' the corresponding points on the bodo- 
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graph. Since the speed of P is constant, the line O'Q 
is of constant length, and therefore the point Q moves 
on a circle whose radius is v; also the angle QO'Q' is equal 
to the angle between the tangents at P, F and therefore 
is equal to the angle POF. 

Hence the arc QQ : the arc PF : : O'Q : OP :: v :r. 

Also the velocities of Q and P are proportional to the 
arcs QQ' and PF. 

.*. the velocity of Q in the hodograph : v :: v \r, 

.'. velocity of Q = — . 

But the point Q is moving in a direction perpendicular 
to O'Q and therefore parallel to PO ; also the acceleration 
of the point P is equal to the velocity of Q (Art. 132). 

Hence the acceleration of P is — in the direction PO. 

r 

Cor. 1. If CD be the angular velocity of the particle 
about the centre 0, we have v — roi, and the normal accele- 
ration is therefore o)V. 

Cor. 2. The force required to produce the normal 
acceleration is m — , where m is the mass of the particle. 

T 

136. Without the use of the hodograph, a proof of the very 
important theorem of the last article can be giyen as follows. 

Let P' be a point on the circle very close to P. Draw the tangent 
PT at P' to meet the tangent, Par, at P in T, 

Join P and P' to the centre, 0, of the circle. 

Since the angles at P and P' are right angles, a circle will go 
through the points 0, P, T, P', and hence L F'Tx 

= supplement of P'TP=POP'=0. 

Let V be the speed in the circle, and let r be the time of describing 
the arc PP, 
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In time r a yelooity parallel to PO has been generated equal to 

Hence the acceleration in the direction P0= (when r, and 

therefore $^ is taken very small) 

_Vj_0_V BXQPP' V 9X0 PP 

" T ''t' op "" r ' T 




arc PP' 
But, since v is the speed in the circle, therefore =t;. 

T 

Hence the required acceleration =— . 

T 

As in Art. 135, Oor. 1, this acceleration is equal to ru^, where 6; is 
the angular velocity. 



V 



3 



Also the force towards the centre must be m — . 

r 

137. The force spoken of in the preceding articles, 
which is required to cause the normal acceleration of a 
body, may be produced in many ways. 

For example, the body may be tethered by a string, 
extensible or inextensible, to a fixed point. 

Again, the force may be caused by the pressure of a 
material curve by means of which the body is constrained 
to move in a curve ; for example, a train may be made to 
describe the curved portion of a railway line by means of 
the pressure of the rails on the flanges of its wheels. 
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The force may also be of the nature of an attraction 
such as exists between the sun and earth, and which com- 
pels the earth to describe a curve about the sun. 

138. When a man whirls in a circle a mass tied to 
one end of a string, the other end of which is in his hand, 
the tension of the string exerts the necessary force on the 
body to give it the required normal acceleration. But, by 
the third law of motion, the string exerts upon the man's 
hand a force equal and opposite to that which it exerts 
upon the particle; these two forces form the action and 
reaction of which Newton speaks. It a/ppea/ra to the man 
that the mass is trying to get away from his hand. For 
this reason a force, equal and opposite to the force neces- 
sary to give the particle its normal acceleration, has been 
called "its centrifugal force." This is however a very 
misleading term ; it seems to imply that the force bdonga 
to the mass instead of being an external force acting on 
the mass. A somewhat less misleading term is "centri- 
petal force." We shall avoid the use of either expression ; 
the student who meets with them in the course of his 
reading will understand that either means "the force which 
must act on the mass to give it the acceleration normal to 
the curve in which it moves." 

139. Ex. 1. -^ particle, of mass 3 lbs,, moves on a smooth table 
with a velocity of ^ feet per second, being attached to a fixed point on 
the table by a string of length 5 feet; find the tension of the string. 

Here t; = 4, and r = 5. 
. .\ by Art. Id5» the acceleration toward the fixed point is 

»3 . 16 

t 

Hence the tension of the string 

^ 16 48 J , _* r 48 . 3 , - 

=3 X -^ = -g- poundals oc wt. of ■= — ^ , t.«., ^7? > of a pound* 



142 DYNAMICS, 

Ex. 2. ^ particlet of mass m, moves on a horizontal table and is 
connected by a string, of length Z, with a fixed point on the table; if 
the greatest weight that the string can support be that of a mass of M 
pounds, find the greatest number of revolutions per second that the 
particle can make without breaking the string. 

Let n be the required nnmber of revolutions, so that the velocity 
of the mass is n . 2ir2. 

.*. tension of the string =m . — j- poundals. 



Hence Mg^AmitVl, so that 



_ 1 /JJfp\i 
'^-2ir\ml) ' 



If the number of revolutions were greater than this number, the 
tension of the string would be greater than the string could exert, and 
it would break. 

EXAMPLES. XXm. 

1. A string is 3 feet long, and has one end attached to a fixed 
point on a smooth horizontal table; if a mass of 5 lbs. tied at the 
other end of the string describe uniformly a horizontal circle with 
speed 6 feet per second, find the tension of the string. 

2. A string is 4 feet long and can just support a weight of 9 lbs.; 
a mass of 8 lbs. is tied at its end and revolves uniformly on a 
horizontal table, the other end of the string being attached to a fixed 
point on the toble; find the greatest number of revolutions per 
minute that can be made by the string without its breaking. 

3. A string, 5 feet long, can just sustain a weight of 20 lbs. ; if 
the revolving mass be 6 lbs., determine the greatest number of com- 
plete revolutions that can be made in one minute by the string with- 
out its breaking. 

4. A string, 2^ feet long, has a mass of one pound attached to one 
end and the other end is attached to a fixed point ; if the mass be 
whirled round in a horizontal circle, whose centre is the fixed point, 
and if the resulting tension of the string be equal to the weight of 
5 pounds, shew that the string is making about 77 revolutions per 
minute. 

5. The tension of a string, one end of which is fixed and to the 
other end of which is attached a mass which revolves uniformly, is 9 
times the weight of the revolving mass ; find the velocity of the mass 
if the length of the string be 2 feet. 

6. With what number of turns per minute must a mass of 10 
grammes revolve horizontally at the end of a string, half a metre in 
length, to cause the same tension in the string as would be caused by 
a mass of one gramme hanging vertically? 
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7. A locomotive engine^ of mass 10 tons, moves on a curve, of 
radius 600 feet, with a velocity of 30 miles per hour; what force 
tending toward the centre of the curve must be exerted by the rails 
so that this may be the case ? 

8. Iff in the previous question, the mais of the engine be 12 tons, 
its velocity 60 miles per hour, and the radius of the curve 400 yards, 
what is the required force? 

140. The Oonical Pendulum. If a particle be tied by 
a string to a fixed point 0, and move so that it describes 
a circle in a horizontal plane, the string describing a cone 
whose axis is the vertical line through 0, then the string 
and particle together are called a conical pendulum. 

When the motion is uniform, the relations between the 
velocity of the particle and the 
length and inclination of the 
string are easily found. 

Let P be the particle tied 
by a string OP, of length I, to 
a fixed point 0. Draw PN 
perpendicular to the vertical 
through 0, Then P describes 
a horizontal circle with N as 
centre [dotted in thejigtire]. 

Let T be the tension of the 
string, a its inclination to the 
vertical, and v the velocity of 
the particle. 

By Art 135, the acceleration of P in the direction PN 

if .... 

and hence the force in that direction must be 




niff 



IS 



PN' 



V* 



m 



I sin 



a 



Now the only forces acting on the particle are the 
tension, T, of the string and the weight, mg, of the 
particla 
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Since the particle has no acceleration in a vertical 
direction, the forces acting upon it in that direction must 
balance, and hence wfe have 

T coa a = mg (1). 

Also T sin a is the only force in the direction PN, and 

hence Tsm.a = j—, — (2). 

6Sina ^ ' 

'^ g 



From (1) and (2), we have , .—^ 

^ ^ ^ ^ ^sina cos a 

If the particle make n revolutions per second, then 

v = n. 2irPN = 27ml sin a. 

/. ^ir'nH = -^, that is, cosa = -r^-^ (3). 

cos a iirnH ^ ' 

Hence, by ( 1), T = irrm^nH poundals (4). 

.*. tension of the string : weight of the particle 

The equations (3) and (4) give a and T. 

The time of revolution of the particle 

27r^sina ^ /^ cos a _ /ON 
= = 2fl- y/ = 27r W — ,. 

and therefore varies as the square root of the depth of the 
particle below the fixed point. 

Hence it follows that, for a governor of a steam engine rotating 
60 times per minute, the height is abont 9*58 inches ; for one making 
100 reyolutions per minute the height is 3*58 inches; this latter 
height is too small for practical purposes except for extremely small 
engines. ... 

141. Motion of HcycU rider on a circular path. When a man is 
riding a bicycle on a curved path he always inclines his body inwards 
towards the centre of his path. By this means the reaction of the 
ground becomes inclined to the vertical. The vertical component of 
this reaction balances his weight, and the horizontal component 
tends towards the centre of the path described by the centre of inertia 
of the man and his machine, and supplies the necessary normal 
acceleration. 
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142. HotioxL of a railway carriage on a curved portion of the 
railway line. When the rails are level, the force to give the carriage 
the necessary acceleration toward the centre of curvature of its path 
is given by the action of the rails on the flanges of the whe^s with 
which the rails are in contact. In order, however, to avoid the large 
amount of friction that would be brought into play, and the conse- 
quent wearing away of the rails, the outer rail is generally raised so 
that the floor of the train is not horizontal. The necessary incHna- 
tion of the floor, in order that there may be no action on the flanges, 
may be easily found as follows. 

Let V be the velocity of the train, and r the radius of the circle 
described by its centre of inertia G, 




Let the figure represent a section of the carriage in the vertical 
plane through the line joining its centre of inertia to the centre, O, 
of the circle which it is describing, and let the section meet the ndls 
in the points il, B. 

\The wheels are omitted for the convenience of thefigrtreJ] 

Let R, 8 he the reactions of the rails perpendicular to the floor 
AB, and let be the inclination of the floor to the horizon. 

The resolved part, (R + 8) sin $, of the reactions in the direction 
OO supplies the force necessary to cause the acceleration towards the 
centre of the curve. 



v^ 



.*. (JR+<Sf)sin^=m — 



(1). 



Also the vertical components of the reactions balance the weight, 

.-. {R + l^ooB0=mg (2). 

From (1) and (2), tan $=— , giving the inclination of the floor. 

rg 

If the width AB be given, we can now easily determine the height 

of the outer rail above the inner; for it is equal to AB sin 0, 

L. D. 10 
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It will be noted that the height through which the outer rail must 
be raised in order that there may be no pressure on the flanges 
depends on the yelocity of the train. In practice the height is 
adjusted so that there is no pressure for trains moving with moderate 
velocities. For trains moving with higher velocities, the pressure of 
the rails on the flanges supplies the additioniJ force required. 

148. Rotating sphere. A smooth hollow sphere is rotating with 
uniform angular velocity u aXxmt a vertical diameter; to shew that a 
heavy particle placed inside will only remain resting against the side of 
the sphere at one particular level, and that, if the angular velocity faU 
short of a certain limit, the particle will remain at the lowest point of 
the sphere. 

Let AB be the axis of rotation of the sphere, A being the highest 
point, and let be the centre ; let P be the position of the particle 
when in relative equilibrium and PN the perpendicular on AB. 

Now P describes a circle about N as centre with angular velocity 
(tf, and therefore the force towards ^^must be mw^ . PN, or m^a sin 0, 
where a is the radius of the sphere and $ the angle POB. 




The horizontal component of the normal reaction, R, at P supplies 
this horizontflbl force, and the vertical components baLmces the weight 
of the particle. 

Hence BBm0=mcc^asm$ (1), 

. Beoa0=m{i (2). 

From equation (1) we have, either sin ^=0, or B=m<i^a. 

Substituting for B in (2), we have 

~««=ifc ^•••••••(3)- 

Hence the particle is either at the lowest point, or at a point de- 
termined by equation (3). 
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The value of d given by (8) is impossible unless g<.ti^a^ i.6., unless 

the angular velocity ta is greater than ( - ) • If the angular velocity 

be less than this quantity, the only position of relative rest of the 
particle is at the lowest point of the sphere. 

EXAMPLES. XXIV. 

1. A mass of 4 pounds is tied at the end of a string, of length 
3 feet, and revolves as a conical pendulum, the string being always 
inclined to the vertical at an angle of 45°; find the tension of the 
string and the velocity of the particle. 

2. Shew that the inclination to the vertical of the string of a 
conical pendulum, when the string is 20 inches long and the pen- 
dulum revolves 200 times per minute, is 

54 
cos-ijsg-j, t.«., about 87° 30'. 

3. A string, of length four feet, and having one end attached to a 
fixed point and the other to a mass of 40 pounds, revolves, as a conicaJ 
pendidum, 30 times per minute ; shew that the tension of the string 

is 160ir^ poundals, and that its inclination to the vertical is oos~^ ( ~i )> 

i.g., about 35° 51'. 

4. A heavy particle which is suspended from a fixed point by a 
string, one yard long, is raised until the string, which is kept tight, 
makes an angle of 60° with the vertical, and is then projected hori- 
zontally in the direction perpendicular to the vertical plane through 
the string ; find the velocity of projection so that the particle may 
move in a horizontal plane. 

5. A railway carriage^ of mass 2 tons, is moving at the rate of 
60 miles per hour on a curve of 770 feet radius; if the outer rail 
be not raised above the inner, shew that the lateral pressure on the 
rails is equal to the weight of about 1408 pounds. 

6. A train is travelling at the rate of 40 miles per hour on a 
curve, the radius of which is a quarter of a mile. If the distance 
between the rails be five feet, find how much the outer rail must 
be raised above the inner, so that there may be no lateral pressure 
on the rails. 

7. A train is travelling at the rate of 30 miles per hour on a 
curve the radius of which is 400 yards. If the distance between the 
rails be five feet, find how much ^e outer rail must be raised above 
the inner so that there may be no lateral pressure on the rails. 

8. A railway carriage, without flanges to its wheels, moves on 
a circular curve; find to what height the outer rail must be raised 
above the inner if the radius of the curve be 1320 feet, the breadth 
between the rails 5 feet, and the carriage have a velocity of 45 miles 
per hour. 

10—2 
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9. A mass is hung from the roof of a railway carriage by means 
of a string, six feet long; shew that, when the train is moving on 
a curve of radius 100 yards at the rate of 80 miles per hour, the 
mass wUl move from the vertical through a distance of 1 foot 2^ inches 
approximately. 

10. A bowl, 3 inches deep, is made from a spherical surface 
whose radius is 6 inches and is made to rotate about its vertical axis. 
Find the greatest number of revolutions which it can make in a 
minute, if a particle can rest on its surface without being thrown out. 

11. If 20 be the vertical angle of a smooth hollow cone, whose 
axis is vertical and vertex downwards, shew that the distance from 
its axis of a body, moving in a circle on its surface and making 
n revolutions per second, is 

g Qoid 

12. The sails of a windmill are about 29 feet long, and revolve 
10 times per minute ; shew that a mass attached to the outer end 
of one of these sails and under the influence of gravity will, at the 
highest point of its Course, experience no reaction from the sail. 

13. A heavy particle is connected by an inextensible string, 
3 feet long, to a fixed point, and describes a circle in a vertical plane 
passing through the fixed point, making 600 revolutions per minute ; 
neglecting the small variations in the speed of the particle, find the 
ratios of the tensions of the string at the lowest point, the highest 
point, and when the string is horizontal. 

14. Two particles, of the same mass, are fastened respectively 
to the middle point and one extremity of a weightless string, and are 
laid upon a smooth table, the other end of the string being fastened 
to a point in the table. 

If the string be pulled tight, and the particles be so projected that 
they always remain in a straight line, ^ew that the tensions in the 
two portions of the string are as 3 : 2. 

15. A train, moving in a straight Une with velocity v, comes to a 
curve of radius r ; shew that the mean slope of the surface of the 
water in a fixed tumbler carried by the train, or the mean deflection 
of a plummet attached by a short cord, will be 

tan~i — . 
gr 

16. A particle, of mass m, is fastened by a string, of length I, to a 
point at a distance b above a smooth table ; if the particle be made to 
revolve on the table n times per second, find the pressure on the table. 
What is the greatest value of n, so that the particle may remain in 
contact with the table ? 

17. A wet open umbrella is held with its handle upright and 
made to rotate about it at the rate of 14 revolutions in 33 seconds. 
If the rim of the umbrella be a circle of one yard in diameter, and its 
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height above the ground be four feet, shew that the drops shaken off 
from the rim meet the ground in a circle of about five feet in diameter. 
If the mass of a drop be '01 of an ounce, shew that the force necessary 
to keep it attached to the umbrella is about '021 of a poundal and is 
inclined at an angle tan~^ J to the vertical. 

18. A particle, of mass m, on a smooth table is fastened to one 
end of a fine string which passes through a small hole in the table 
and supports at its other end a particle of mass 2m, the particle m 
being held at a distance c from the hole. Find the velocity with 
which m must be projected, so that it may describe a circle of 
radius c. 

19. Two masses, m and m', are placed on a smooth table and con- 
nected by a light string passing through a small ring fixed to the table. 
If they be projected with velocities v and v' respectively at right angles 
to the portions of the string, which is initially tight, find the ratio in 
which tiie string must be divided at the ring, so that both particles 
may describe circles about the ring as centre. 

20. Two masses, m and m\ are connected by a string, of length c, 
which passes through a small ring; find how many revolutions per 
second the smaller mass, m', must make, as a conical pendulum, in 
order that the greater mass may hang at rest at a distance a from the 
ring. 

21. A string, passing through a small hole in a smooth hori- 
zontal table, has a small sphere, of mass m, attached to each end 
of it; the upper sphere revolves in a circle on the table when suddenly 
it strikes an obstacle and loses half its velocity ; find what diminution 
must be made in the mass of the lower sphere, so that the upper one 
may continue rotating in a circle. 

22. A string PAQ passes through a hole ^ in a smooth table, 
the portion AP lying on the table, and AQ, being at an angle of 45^ 
to the vertical, and below the table, so that P and Q are in the 
same vertical line. If masses be attached at P and Q and, the 
strings being stretched, be each projected horizontally, find the 
ratio of the masses, so that the plane PAQ may always be vertical 
and the angle PAQ always 45°. If the string be four feet in length, 
find the time of revolution. 

23. A body, of mass m, moves on a horizontal table being 
attached to a fixed point on the table by an extensible string 
whose modulus of elasticity is X; given the original length a of the 
string, find the velocity of tbe particle when it is describing a circle of 
radius r. 

24. A particle is attached to a point A by an elastic string, whose 
modulus of elasticity is twice the weight of the particle and whose 
natural length is 2, and whirled so that the string describes the surface 
of a cone whose axis is the vertical line through A. If the distance 
below A of the circular path during steady motion be 2, shew that the 

velocity of the particle must be ^3^2. 



CHAPTER X. 

Motion on a Smooth Curve under the Action op Gravity. 

144. The general case of the motion of a particle, 
constrained to move on a given curve under any given 
forces, is beyond the scope of the present book; so also 
is the motion of a particle constrained to move under 
gravity on a given curve. 

There is one proposition, however, relating to the 
motion of a particle under gravity which we can prove in 
an elementary manner, and which is extremely useful for 
determining many of the circumstances of the motion. 

* 145. Theorem. If a 'particle slide down an arc of 
any srrvooth curve in a vertical plane, and if u he its initial 
velocity and v its velocity after sliding through a vertical 
distance A, to shew that v^ = u^ + 2gh. 

Let A be the point of the curve from which the particle 
starts, and B the point whose distance from A, measured 
vertically, is h. Draw AM, BN horizontal to meet any 
vertical line in M and N, 

Let Py Q be two points on the curve, very close to one 
another, and draw PE, QS perpendicular to MN, Then 
PQ is very approximately a small portion of a straight 
line. Draw Q V vertical to meet PR in V, 
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The acceleration at P along PQ is g cos VQP and 
hence, if t?p, Vq be the velocities at P and Q, we have 



v^ 



= v/ + 2g cos VQP. PQ = Vj,^ + 2g. VQ. 



Vr 



^v,'^2g,VQ, 



i,e. the change in the square of the velocity is due to the 
vertical height between P and Q. Since this is true for 
every element of arc, it is true for the whole arc AB, 




Hence the change in the square of the velocity in passing 
from id to ^ is that due to the vertical height h, so that 
t?" = w^ + 2gh. 

146. The theorem in the preceding article may be deduced 
directly from the Principle of the Conservation of Energy. 

For, since the cnrve is smooth, the reaction of the arc is always 
perpendicular to the direction of motion of the particle. Hence, by 
Statics^ Art. 196, no work is done on the body by the pressure of the 
curve. The only force that does work is the weight of the particle. 

Hence, since the change of energy is equal to the' work done, we 
have 

Jmv^ - J wiw-= work done by the weight =m^ A. 

147. If, instead of sliding dotjun the smooth curve, the 
particle be started aloug it with velocity u, so that it moves 
upwards^ the velocity v when its vertical distance from the 
starting point is h is, similarly, given by the equation 
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Hence the velocity of the particle will not vanish until 
it arrives at a point of the curve whose vertical height 

above the point of projection is ^ . 

It will be noticed that the height to which the particle 
will ascend is independent of the aha^pe of the constraining 
curve, nor need it continually ascend. The particle may 
first ascend, then descend, then ascend again, and so on; 
the point at which it comes to rest finally will be at a 

height ^ above the point at which its velocity is u. 

if 

It follows that, if a particle slide from rest upon a smooth 
arc, it will come to rest when it is at the same vertical 
height as the starting point. An approximate example is 
the Switch-back railway in which the car almost rises to 
the same height as that of the point at which it started. 
The slight difference between theory and experiment is 
caused by the resistance of the air and the friction of the 
rails which, although small, are not quite negligible 

The expression for the velocity when the particle is at 
a vertical distance h from the starting point is the same, 
whether the particle be at that instant ascending or de- 
scending. 

148. The theorem is true, not only of motion under 
gravity, but also in any case of the motion of a particle 
on a smooth curve under the action of a constant force 
in a constant direction, e.g, in the case of motion on a 
smooth inclined plane, if we substitute for "^" the ac- 
celeration caused by the forces. 

It is also true if we substitute for the constraining 
curve an inextensible string fastened to a fixed point, or 
a weightless rod which is always normal to the path of the 
particle. 
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We cannot, in general, find the time of describing any 
given arc without the use of the Differential Calculus. 

149. Motion on the ontside of a vertical drde. A 

pa/rticle slides from rest at the highest point down the out- 
side of the a/rc of a sm^ooth vertical circle ; to shew that it 
vnll leave the curve when it has described vertically a distance 
eqtuU to one third of the raditis. 

Let be the centre, and A th^ highest point of the 
circle. Let v be the velocity of 
the particle when at a point F of 
the curve, B the pressure of the 
curve there, and r the radius of 
the circle. Draw PN perpendi- 
cular to the vertical radius OA, 
and let AN = h. 

Then v" = 2g , AN = 2gh, 

The force along FO is 
mg cos — E, 
where $ is the angle FOA, 

But the force along FO must, by Art. 135, be tw . — . 

.*. m — = m^ cos — Hy 
r 




.*. -ff = m ^ cos = n* ^ 



r-h 2ghr[ 
r r J 



= mg 



3h 



Now F vanishes, and changes its sign, when 3 A = r, ^.6., 

r 
when h = -^. The particle wiU then leave the curve, and 

describe a parabola freely ; for, to make it continue on the 
circle, the pressure F would have to become a tension ; but 
this is impossible since the curve cannot pull the particle. 
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150. Motion in a vertical circle. A pcurticle, of mass 
m, is suspended by a string, of length r, from a fixed point 
and hangs vertically. It is then projected, with velocity u, 
so that it describes a vertical circle; to find the tension amd 
velocity at any point of the subsequent motion, and to fimd 
also the condition that it mayjvst make complete revoltUions, 

Let be the point to which the string is attached, and 
OA the vertical line through 0. 

Let V be the velocity of the 
particle at any point F of its 
path, and T the tension of the 
string there. 

Let FN be drawn perpendi- 
cular to OA, let AN= h, and let 
the angle FOA be 0. 

Then, by Art. U5, 

v'=u^-2gh (1). 

Also, by Art. 135, m —= force at F along the normal, 




FO, to the path of the particle. 



V 



m 



= T — m^ cos 6 = T— mg 



r — h 



,. y^^t>' + y(r-A)^^ u' + ff(r-3A) 



(2). 



These two equations give the velocity of the particle, 
and the tension of the string, at any point of the path. 

The particle will not reach the highest point B if the 
tension of the string become negative; for then, in order 
that the particle might continue revolving in a circle, the 
pull of the string would have to change into a push, and 
this is impossible in the case of a string. 
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Hence the particle will just make complete revolutions 
if the tension vanish at the highest point, where h = 2r. 

This, from (2), is the case if 

w* + ^(r-6r) = 0, 
i.e., if w' = 5yr. 

Hence, for complete revolutions, u must not be less 

than Jbgr. 

When u = Jbgir^ the tension at the lowest point, by (2), 

bqr + rg „ , , 

= m -^ = ^mg poundals. 

T 

Hence the string must, at the least, be able to bear a 
weight equal to six times the weight of the body. 

*151. Newton's Experimental Law. By using the theorem of 
Art. 145, we can shew how Newton arrived at his law of impact as 
enunciated in Art. 117. 

We suspend two spheres, of small dimensions, by parallel strings, 
whose lengths are so adjusted that when hanging freely the spheres 
are just in contact with their centres in a horizontal line. 

One ball, Ay is then drawn back, the string being kept tight, until 
its centre is at a height h above its original position and is the n allowed 

to fall. Its velocity v on hitting the second ball B is s/2gh. 

Let v', v" be the velocities of the spheres immediately after the 
impact, and V, h" the heights to which they rise before again coming 
to rest, so that ^___ 

v'=j2gh\ and v"=:j2gW\ 

The sphere A may either rebound, remain at rest, or follow 
after £. 

Taking the former case the relative velocity after impact is 

Also the relative velocity before impact was ^J2g . »Jh, 

We should find that the ratio of Uh'+^h") to ^h would be the 
same whatever be the value of h and tne ratio of the mass of ^ to 
that of jB, and that it would depend simply on the substances of 
which the masses consist. 

We have only considered one of the simpler cases. By carefully 
arranging the starting points and the instants of starting from rest, 
both spheres might be drawn aside and allowed to impinge so that at 
the instant of impact both were at the lowest points of their path. 
The law enunciated by Newton would be found to be true in all cases. 
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EXAMPLES. ZXV. 

1. A partiole, of mass 5 lbs., hangs at the end of a string, B feet 
long, the other end of which is attached to a fixed point; if it be 
projected horizontally with a velocity of 25 feet per second, find the 
velocity of the particle and the tension of the string, when the latter 
is (1) horizontid, and (2) vertical. 

2. In the previous question, find the least velocity of projection 
that the particle may be able to make complete revolutions, and the 
least weight that the string must be able to bear. 

3. A body, of mass m, is attached to a fixed point by a string 
of length 3 feet ; it is held with the string horizontal and then let 
fall ; find its velocity when the string becomes vertical, and also the 
tension of the string then. 

4. A smooth hoop, of diameter 9 feet, is placed in a vertical 
plane, and a bead slides on the hoop starting from rest at the highest 
point of the hoop ; find its velocity, 

(1) at the lowest point, 

(2) at the end of a horizontal diameter, 

(3) when it has described one- third of the vertical distance to the 
lowest point, 

(4) when it has described one-third of the arcual distance to the 
lowest point. 

5. A heavy particle is attached by a string, 10 feet long, to a 
fixed point, and swung round in a vertical circle. Find the tension 
and velocity at the lowest point of the circle, so that the particle may 
just make complete revolutions. 

6. A cannon, of mass 12 cwt., swings horizontally, being sup- 
ported by two vertical ropes, each of length 9 feet, and projects a 
ball of mass 86 lbs. ; if the cannon be raised through 2*25 feet by the 
recoil, find the initial velocity of the ball, and the tension of the ropes 
at the instant of discharge and at the instant when the cannon ^r&t 
comes to rest. 

7. A small heavy ring can slide upon a cord, 34 feet long, which 
has its ends attached to two fixed points, A and B^ in the same 
horizontal line and 80 feet apart. The ring starts — the string being 
tight — from a point of the string distant 5 feet from A ; shew that, 
when it has described a length of the cord equal to 3 feet, its velocity 
will be 10*12 feet per second nearly. 

8. A particle slides down the arc of a vertical circle ; shew that 
its velocity at the lowest point varies as the chord of the arc of 
descent. 

9. A particle runs down the outside of a smooth vertical circle, 
starting from rest at its highest point; find the latus rectum of the 
parabola which it describes after leaving the surface. 
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10. A ball, of mass m, is just disturbed from the top of a smooth 
vertical circular tube, and runs down the interior of the tube im- 
pinging on a ball, of mass 2m, which is at rest at the bottom of the 
tube ; if the coefficient of restitution be i, find the height to which 
each ball will rise in the tube after a second impact. 

11. Two equal ivory balls are suspended by parallel threads, so 
that they are in contact, and so that the line joining their centres is 
horizontal, and two feet below the points of attachment of the threads. 
Determine the coefficient of restitution between the balls when it is 
found that, by allowing one ball to start from a position when its 
thread is inclined at 60° to the vertical, it causes the other ball after 
impact to rise through a vertical distance of 6| inches. 

12. A circular arc, subtending 30° at its centre, is fixed in a 
vertical plane so that its highest point is in the same horizontal 
plane with its centre, and a smooth particle slides down this curve 
starting from rest at its highest point. Shew that the latus rectum 
of the parabola, which it describes after leaving the curve, is half the 
radius of the circular arc. 

13. A weightless inextensible string, of length 2{, is fastened at 
its exioremities to two points A and B in the same horizontal line, at 
a distance I apart, and supports a body C, of mass m, tied to its 
middle point. If C be projected perpendicular to the plane AGB 
with double the velocity requisite for it to. describe a complete circle, 
find the greatest and least tension of the strings. 

If one portion of the string be cut when C is halfway between its 
highest and lowest points, find the subsequent motion. 

14. A smooth tube, in the form of 7 sides of a regular octagon 
each of whose sides is a, is placed so that one extreme side is lowest 
and horizontal and the other extreme side is vertical ; a particle is 
just placed inside and connected by a string passing through the tube 
with an equal particle hanging vertically; find tiie velocity of the 
particles when the first leaves the tube. 

15. Shew that the effect of the rotation of the earth is to lessen 
the apparent weight of a body at the equator by -^ of itself, the 
earth being assumed to be a sphere of radius 4000 miles. 

Shew also that the apparent weight of a train at the equator, 
which is travelling east at the rate of a mile per minute, is decreased 
by about -0004 of itself. 



CHAPTER XI. 

Simple Harmonic Motion. Pendulums. 

152. Theorem. If a point Q describe a circle with 
uniform angvXctr velocity ^ and if P he always the foot of the 
perpendicular drdvm from Q upon a fixed diameter AOA' 
of the circle, to shew that the acceleration of F is directed 
towards the centre, 0, of tlie circle amd varies as the distanfice 
of P from 0, and to find the velocity of P cmd its time 
of describing cmy space. 



A' 




Let a be the radius of the circle, and let the angle QOA 
be 0, Draw QT the tangent at Q to meet OA in T, 
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Let (1) be the constant angular velocity with which the 
point Q describes the circle. 

The velocity and acceleration of P are the same as the 
resolved parts, parallel to AO, of the velocity and accele- 
ration of Q, 

By Art. 136, Cor. I, the acceleration of Q is ao)^ towards 

0. 

/. the acceleration of P along PO = aw' cos = <i}^ . OP, 
and therefore varies as the distance of P from the centre 
of the circle. 

Also the velocity of P 

= cua cos QTO = ao) sin ^ = (I) . PQ = (u Ja^ — a?, 
where OP is x. 

This velocity is zero at A and A', and greatest at 0. 

Also the acceleration vanishes, and changes its sign, as 
the point P passes through 0. 

The point P therefore moves from rest at A, has its 
greatest velocity at 0, comes to rest again at A\ and then 
retraces its path to A. 

Also the time in which P describes any distance AP 

= time in which Q describes the arc AQ 
6 1 

= - = - COS" 
CO 0) 

.*. time from AtoA* = — cos"^ (- 1) = - • 

2'7r 
Also the time from A to A' and back again to il = — . 

153. Simple Harmonic Motion. Def. If a pamt move 
in a atrcnght line so that its acceleration is cUtoays directed 
tovxi/rds, cmd varies as its distance from, a fixed point in 
the straight Une^ the point is said to move with simple ha/r- 
monic motion. 



■■©• 
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The point P in the previous article moves with simple 
harmonic motion. 

From the results of the previous article we see, by 
equating o)' to /*, that if a point move with simple harmonic 
motion, starting from rest at a distance a from the fixed 
centre 0, and moving with acceleration fi.OP, then 

(1) its velocity when at a distance x from is 

(2) the time that has elapsed when the point is at a 

distance x from is —r- cos~^ - , 

V/iA a 

(3) the time that elapses before it is again in its initial 

. 27r 
position is —j- . 

The range, OA or 0A\ of the moving point on either 
side of the centre is called the Amplitude of the motion. 

The time that elapses from any instant till the instant 
in which the moving point is again moving through the 
same position with the same velocity and direction is called 
the Periodic Time of the motion. 

It will be noted that the periodic time, -j- , is inde- 

pendent of the amplitude of the motion. 

154. Extension to motion in a curve. 

Suppose that a moving point F is describing a portion, 
AOA', of a curve of any shape, starting from rest at A 
and moving so that its tangential acceleration is always 
along the arc towards and equal to fi . arc OP, then the 
preceding proposition is true with slight modifications. 

For let (yB be a straight line equal in length to the 
arc OA, and let P' be a point describing it with acceleration 
fi . ar; also let O'P = arc OP. 
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Since the acceleration of P' in its path is always the 
same as that of P, the velocities acquired in the same 
time are the same, and the times of describing the same 
distances are the same. 



B 






P'B 




Hence 

(1) The velocity of P 

= JiL {O'B" - O'F^) = 7/i {(arc 0^)2 -(arc OP)*}, 

(2) The time from il to P 

1 _. /0'F\ 1 , /arc OP 



Jfi 



cos 



X (9Z\ - i. COS- (^!^^^) 



2w 



(3) The time from il to -4' and back again — -j- . 

155. Ex. 1. '^ point moves with simple harmxmic motion whose 
period is 4 seconds ; if it start frowr rest at a distance of 4 feet from the 
centre of its path, find the tim^ that elapses before it has described 
2 feet and the velocity it has then acquired. 

2ir 

If the acceleration be u times the distance, we have -7- =4. 



- '*=5y- 



When the point has described 2 feet it is then at a distance of 
2 feet from the centre of its motion. 

/. by Art. 153 (2), the time that has elapsed 



1 .X 1 

= -7- cos-* - = -I COS" 

V/A a IT 



'(i)=l'*f=r^°^- 



L. D. 



11 
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Also, by Art. 153 (i), the velooitj it has acquired 

= V/* (a^ - x^ = \/(^y (^* - 22) = T V3 feet per second. 

EXi 2. ^ point starts from rest at a distance of 16 feet from the 
centre of its path and moves with simple harmonic m^otion; if in its 
initial position the acceleration be 4 ft.-sec, unitSj find (1) its velocity 
when at a distance of 8 feet from the centre and when passing through 
the centre, (2) its periodic time. 

(1) Let the acceleration be fi times the distance. 
Then /utxl6=4; .*. /ut=J. 

Hence, by Art. 153 (2), it s velocity when at a distance of 8 feet 
from the centre = V J (16* - 8*) = ^^48 = 4 ^3 feet per second. 

Also its velocity when passing through the centre 

« A^J .16^=8 feet per second. 

2ir 

(2) Its periodic time =e-j-=4T= about 12f seconds. 

EXAMPLES. XZVI. 

1. A particle moves in a straight line with simple harmonic 
motion; find the time of an oscillation from rest to rest when 

(1) the acceleration at a distance 2 feet is 4 ft.-sec. units ; 

(2) the acceleration at a distance 3 inches is 9 ft.-sec. units ; 

(3) the acceleration at a distance one foot is ir* ft.-sec. units. 

2. In each of the cases in the previous example, find the velocity 
when the point is passing through the centre of its path, the am- 
plitude of the motions being respectively 2 feet, 3 inches, and one 
foot. 

3. A particle moves in a straight line with simple harmonic 
motion, and its periods of oscillation are (1) 2, (2) ^, and (3) t seconds, 
respectively; the amplitude of its motion in each case is one foot; 
find the velocity of the particle when moving through the centre of 
its path. 

4. A point, moving with simple harmonic motion, has a velocity 
of 4 feet per second when passing through the centre of its path, and 
its period is tt seconds; what is its velocity when it has described one 
foot from the position in which its velocity is zero? 

5. A point moves with simple harmonic motion; if, when at 
distances of 3 and 4 feet from the centre of its path, its velocities 
are 8 and 6 feet per second respectively, find its period and its 
acceleration when at its greatest distance £rom the centre. 
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6. A mass of one gramme vibrates through a millimetre on each 
side of the middle point of its path 256 times per second ; assuming 
its motion to be simple harmonic, shew that the maximum force upon 
the particle is ^ (512ir)* dynes. 

7. A horizontal shelf moves vertically with simple harmonic 
motion, whose complete period is one second; find the greatest am- 
plitude in centimetres that it can have, so that objects resting on the 
shdf may always remain in contact with it. 

8. An elastic string, of negligible weight, of which the unstretched 
lengtii is I and the modulus of elasticity the weight of n ounces, is 
suspended by one end and has a mass of m ounces attached to the 
other; shew that the time of a vertical oscillation of the mass is 



2ir 



/mT 
V n ^ 



9. A rod AB is in motion so that the end B moves with uniform 
speed u in a circle whose centre is C, whilst the end A moves in a 
straight line passing throug h C. If kB=BC=a, and AC=x, shew 

ij4a^ - x^ 
that the velocity of ^ is u — , and that it moves with simple 

harmonic motion. 
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156. Simple pendulum. A particle tied to one end of 
a string, the other end of which is fixed, and oscillating in 
a vertical circle having the fixed point as centre, is called 
a simple pendulum. 

The time of oscillation depends on the angle through 
which the string swings on each side of the vertical. 

If however this angle of oscillation be smalt, we shall 
shew in the next article that the time of oscillation of the 
pendulum is approximately constant. 

157. Theorem. If a pa/rticle be tied by a spring to a 
Jixed point, and allowed to oaciUate through a small angle 
ahoVft the vertical position, to shew thai the time of a complete 

oscillation is 2^ ^ - , where I is the length of the string, 

if 

11—3 
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Let be the fixed pointy OA a vertical line, AP a 
portion of the arc described by 
the particle, and let the angle 
AOP be e. 

If PT be the tangent at P 
meeting OA in Ty the acceleration 
of the bob along PT 
= gBind 
= gO, approximately, if be small 

= ^x&TcAF, 

The acceleration along the tangent to the path there- 
fore varies as the arcual distance from the lowest point. 

The motion is harmonic and hence, by Art. 154 (3), 
the time of a complete oscillation is independent of the 
extent of the oscillation, and equals 




2ir 



A 



- , Le, 29r 



sl V 



158. Seconds Pendulum. A seconds pendulum is one 
which makes an oscillation from rest to rest (i.6. half a 
complete oscillation) in one second. 

Hence, if Z be its length, we have 

:. 1=^ feet. 

Since g varies at different points of the earth's surface, 
we see that the length of the seconds pendulum is not the 
same at all points of the earth. 

For an approximate value, putting g = S2'2 and tt = ^, 

we have 

I = 3-26 feet = 39-12 inches. 
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If we ase the centimetre-seoond system we haye, by patting g = 981, 
2=99*8 centimetres. 

For the latitude of London more acourate values are 89*13929... 
inches and 99'41d... centimetres. 

159. Ex. Find the length of a pendulum which will oscillate 
56 times in 55 seconds. 

The time of oscillation is -^ seconds. Hence, if Z be the length 
of the pendulum, we have 

66"' Vp" 7V32*' 

V 32" 16 • 

25 25 
.*. Z = 32 X ;r^ =— feet =37i inches. 
256 8 ^ 



EXAMPLES. XXVn. 

[In the following examples, r may he taken to he -^.j 

1. If ^=32*2, what is the length of a pendulum vibrating in 
2*5 seconds? 

2. The time of a complete vibration at a given place of a pendulum 
64 metres long is 16 seconds; shew that the value of g there is 
987 cm.-sec. units. 

3. A pendulum, 3 feet long, is observed to make 700 oscillations 
in 671 seconds ; find approximately the value of g, 

4. Given that the length of a seconds pendulum is 39*12 inches, 
find the lengths of the pendulums which will vibrate in (1) half a 
second, (2) one quarter of a second, (3) 2 seconds. 

5. How many oscillations will a pendulum, of length 53*41 centi- 
metres, make in 242 seconds at a place where g is 981 ? 

6. Shew that a pendulum, one mile in length, would oscillate 
in 40 seconds nearly'. 

7. A pendulum, of length 37*8 inches, makes 183 beats in three 
minutes at a certain place; find the acceleration due to gravity 
there. 

8. How many oscillations will a pendulum, of length 4 feet, 
make in one day ? 



/ 
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160. The result of Art. 157, althongh not mathematically aocnrate, 
is very approximately so. If the angle a through which the pendulum 
swings on each side of the vertical be 5°, the result is within one-two 
thousandth part of the accurate result, so that a pendulum which 
beats seconds for very small oscillations would lose about 40 seconds 
per day, if made to vibrate through 5° on each side of the vertical. 

161. The simple pendulum of which we have spoken 
is idealistic. In practice, a pendulum consists of a wire 
whose mass, although small, is not zero and a bob at the 
end which is not a particle. Whatever be the shape of 
the pendulum, the simple pendulum which oscillates in the 
same time as itself is its simple equivalent pendulum. 

The discussion of the connection between a rigid body 
and its simple equivalent pendulum is not within the range 
of this book. We may, however, mention that a uniform 
rod, of small section, swings about one end in the same 
time as a simple pendulum of two-thirds its length. 

162. Acceleration diie to gravity, Newton discovered, 
as a fundamental law of nature, that every particle attracts 
every other particle with a force which varies directly as 
the product of the masses and inversely as the square of the 
distance between them. 

From this fact it can be shewn, as in any treatise 
dealing with Attractions, that a sphere attracts any particle 
outside itself just as if the whole mass of the sphere were 
collected at its centre, and hence that the acceleration 
caused by its attraction varies inversely as the square of 
the distance of the particle from the centre. 

Similarly the attraction on a particle inside the earth 
can be shewn to vary directly as its distance from the 
centre of the earth. 

Hence, if g^ be the value of gravity at a height h above 
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the earth's sur£ace, g the value at the surface, and r the 
earth's radius, then g^ig:: , ^ ^> ^ : ^ , 

so that g^=g(^^J, 

So, if ^a be the value at the bottom of a mine of depth 
d, we have g2 = g . 

163. We shall now investigate the effect on the time of osoillation 
of a simple pendulum due to a small change in the value of g, and 
also the effect due to a small change in its length. 

If a pendulum, of length I, make n complete oscillations in a given 
time, to shew that 

(1) If g be changed to g+G, the number of oscillations gained 
. n G 

2 g 

(2) If the pendulum be taken to a height h above the earth's surface, 

the number of oscillations lost is n- , where r is the radius of the 

r 

earth, 

(3) If it be taken to the bottom of a mine of depth d, the nuniber 
, ^ . n d 

lost IS zz - , 

2 r 

n L 

(4) If its length be changed to l+L, the nuniber lost is ^ -r , 

Let T be the original time of oscillation, T' the new time of 
oscillation, and n' the new number of oscillations in the given time, 
so that 

nT^n'T\ 

(1) In this case 1=2^^1^', T'=2Tr>sJll{g + G). 
Hence ^=2^= \/^'^fl~"^"*"2^* approximately, 

(using the Binomial Theorem and neglecting squares of - j . 

n G 
Hence the number of oscillations gained =n'-n=j:— , 

2 g 

n G 

So, if g become g-G, the number lost is 5 — . 

^ 9 



'■' f / -• . C J J 



J »■ 



: ' - c -- 



< I. 
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(2) lig-Gh^ the yalue of gravity at a height A, we have 

g-G r3 /, h\-^ , 2ft . ^, 

-T"^V^?^V^r) =l-7»PProximately. 

2ft 
.*. 0=g — , and hence, as in (1), the number of osoillations lost 

. ft 
IS n— . 
r 

(3) If ^ - G be the value at a depth d, we have g-0 : g iir-d :r, 

so that the number of oscillations lost =25 — = - - . 

2 g 2 r 

(4) When the length I of the pendulum is changed to Z+L, we 
have 

T=2irjTfg\ T'=2TjJ(l + L)lg, 

n' T A L\-^ . IL ... 

.-. -=5r/=\^l+jJ =1-2 japproxunately. 

w L 
Hence the number of oscillations lost =n-n'=^ — . 

164. From the preceding article it follows that the 
height of a mountain, or the depth of a mine, could be 
found by finding the number of oscillations lost by a 
pendulum which beats seconds on the surface of the earth« 

165. The value of ^ has been most accurately found 
by means of timing the oscillation of a pendulum. This 
may be done as follows. 

The pendulum on which we experiment is set swinging 
in front of a clock, whose pendulum we know to be beating 
true seconds, and they are started so that they are both 
vertical at the same instant, and the time is carefully 
noted at which they are again both vertical together and 
moving in the same direction ; we then know that the 
pendulum has gained (or lost) one complete oscillation on 
the seconds pendulum. Suppose, for example, that they 
coincide at the end of 300 seconds, then in that time the 
seconds pendulum has made 150 complete oscillations, and 
the other pendulum 149, so that the time of its complete 
oscillation would be f^ seconds. 
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The time of an oscillation may be found much more 
accurately by finding the time that would elapse before 
the experimental pendulum had lost a large number, say 
20, oscillations, and then taking the average. 

The length of the simple equivalent pendulum corre- 
sponding to our experimental pendulum may be then 
measured, and the value of g then determined by means 



of the formula 



T= 2. Jl 



166. Verification of the law of gravity by means of the 
moon's motion. We may shew roughly the truth of the 
law of gravitation, by finding the time that the moon would 
take to travel round the earth, on the assumption that it is 
kept in its orbit by means of the earth's attraction. 

Let y be the acceleration of the moon due to the earth's 

attraction ; then, since the distance between the centres of 

the two bodies is roughly 60 times the earth's radius, we 

1 1 

have/: ^ :: ^^^^ - ^y^ that/=^/3600. 

Let V be the velocity of the moon round the earth, so 
that 

tr'/60r=/=^/3600. 

• 60* 

. .'. the periodic time of the moon 

/60r 
= 27r X 60r -r v = 27r . 60 X A / — seconds. 

V 9 

Taking the radius of the earth to be 4000 miles, and g 
as 32 '2, this time is 27 '4 days, and this is approximately 
the observed time of revolution. 
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167. Ex. 1. A pendulum, which heats seconds at the surface of 
the earth, is carried to the top of a mountain 5 miles high; find the 
number of seconds it will lose in a day. 

Let g and g. be the accelerations due to gravity at the sea-level 
and the top of the mountain respectively. . 

Then g,g^:,^,^^. 

^_ /4005y_ /801\2 
•'• g{~ V4000y " VSOOJ • 

Since the pendulum beats seconds at the earth's surface, we 
have 



='Vl «• 



,1 

9 

Also, if T be the time of oscillation at the top of the mountain, 
we have 



^ 9i 



(2). 

Dividing (2) by (1), we have 



^ 9i 



801 



800* 

Hence the number of beats in a day at the top of the mountain 

86400 ^^.^ 800 
= -^ =86400 xg^ 

= 86400x-l^ = 86400(l + 4)" 
"*"800 



= 86400 n - ^^ j approximately 



=86400-108. 
Hence the number of beats lost is 108. 

Ex. 2. -4 faulty seconds pendulum loses 20 seconds per day; find 
the required alteration in its length, so that it may keep correct 
time. 

The pendulum beats 86380 times in 86400 seconds, so that its time 

of oscillation is ^^^ seconds. Hence, if I be its length. 



= -\/'n W- 



8640 

8638" " V g 
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Let Z+o; be the true length of the seooncU pendulnm at the phice. 
Then 



/l+x 



(2). 



9 

Snbtraoting the sqnare of (1) from the sqnare of (2), we have 

/8640Y X. 

82x49 4 49 , . n,t. • i. 

= - -^m • 8640= - m^Wo ^«*= - '"^^ "»•"■• 

Hence the pendulum must be shortened by *018 inch. 

EXAMPLES. XXVm. 

1. A pendulum which beats seconds at Greenwich, where ^=32*2, 
is taken to another place where it loses 20 seconds per day; find the 
value of g at the latter place. 

2. A pendulum, which gains 10 seconds per day at one place, 
loses 10 seconds per day at another ; compare the accelerations due 
to gravity at the two places. 

3. Assuming the values of g in foot-second units at the equator 
and the north pole to be 32*09 and 32*25 respectively, find how many 
seconds per day would be gained at the north pole by a pendulum 
which would beat seconds at the equator. 

4. A clock with a seconds pendulum loses 9 seconds per day ; 
find roughly the required alteration in the length of the pendulum. 

5. A dock gains five seconds per day ; shew how it may be made 
to keep correct time. 

6. If a pendulum oscillating seconds be lengthened by its 
hundredth part, find the number of oscillations it will lose in a 
day. 

7. A simple seconds pendulum is lengthened by ^th inch ; find 
the number of seconds it will lose in 24 hours. 

8. A simple pendulum performs 21 complete vibrations in 44 
seconds; on shortening its length by 47*6875 centimetres it performs 
21 complete vibrations in 33 seconds ; find the value of g, 

9. A simple pendulum consists of a heavy ball suspended by a 
long and very fine iron wire ; if the pendulum be correct at a tem- 
perature 0° 0., find how many seconds it will gain, or lose, in 24 hours 
at a temperature of 20^ C. , given that the iron expands by *000233 of 
its length owing to this rise of temperature. 
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10. If a seconds pendulum lose 10 seoonds per day at the bottom 
• of a mine, find the depth of the mme and the number of seconds that 

the pendulum would lose when halfway down the mine. 

11. A clock, which at the surface of the earth gains 10 seoonds a 
day, loses 10 seoonds a day when taken down a mine; compare the 
accelerations due to gravity at the top and bottom of the mine and 
find its depth. 

12. If a seoonds pendulum be carried to the top of a mountain 
half a mile high, how many seconds will it lose per day, assuming 
the earth's centre to be 4000 miles from the foot of the mountain, 
and by how much must it be shortened so that it may beat seoonds at 
l^e summit of the mountain? 

13. Shew that the height of a hill at the summit of which 
a seconds pendulum loses n beats in 24 hours is approximately 245 . n 
feet. 

14. A balloon ascends with a constant acceleration and reaches 
a height of 900 feet in one minute. Shew that a pendulum clock 
carried in the balloon will gain at the rate of about 28 seconds per hour. 

15. A cage-lift is descending with unit acceleration; shew that a 
pendulum clock carried with it will lose at the rate of about 56 seconds 
per hour. 

16. Shew that a seconds pendulum would, if carried to the 
moon, oscillate in If seconds, assuming the mass of the earth to 
be 49 times that of the moon, and that the radius of the earth is 4 
times that of the moon. 

17. A railway train is moving uniformly in a circular curve at 
the rate of 60 miles per hour, and in one of the carriages a seconds 
pendulum is observed to beat 121 times in 2 minutes. Shew that 
the radius of the curve is about 1435 feet. 

18. A particle would take a time t to move down a straight tube 
from the surface of the earth (supposed to be a homogeneous sphere) 
to its centre; if gravity were to remain constant fi^m the sur&ce 
to the centre, it would take a time t'; shew that 

t : «' :: T : 2^2. 

19. A simple pendulum swings under gravity in such a manner 
that, when the string is vertical, the force which it exerts on the 
bob is twice its weight; shew that the greatest inclination of the 

string to the vertical is ^ . 



CHAPTER XII. 

Units and Dimensions. 

168. When we wish to state the magnitude of any 
concrete quantity we express it in terms of some unit of 
the same kind as itself, and we have to state, (1), what is 
the unit we are employing, and, (2), what is the ratio of 
the quantity we are considering to that unit. This latter 
ratio is called the measure of the quantity in terms of 
the unit. Thus, if we wish to express the height of a 
man, we may say that it is six feet. Here a foot is the 
unit and six is the measure. We might as well have said 
that he is 2 yards, or 72 inches, high. 

The measure will vary according to the unit we employ. 
The measure of any quantity multiplied into the unit 
employed is always the same (e.g., 2 yards = 6 feet = 72 
inches). 

Hence, if A;, k' be the measures of a physical quantity 
when the units used are denoted by [K], [-£"'], we have 

k [K] = k' [K'] 

1 1 
and hence [K] : [K'] : ; t : t7 , 

so that, by the definition of variation, we have [K] « -, i.e., 

the unit in terms of which any quantity is measured varies 
inversely as the measure and conversely. 
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169. A straight line possesses length only, and no 
breadth or thickness, and hence is said to be of one 
dimension in length. 

An area possesses both length and breadth, but no 
thickness, and is said to be of two dimensions in length. 
The unit of area usually employed is that whose length 
and breadth are respectively equal to the unit of length. 
Hence if we have two different units of length in the 
ratio X : 1, the two corresponding units of area are in the 
ratio ^ \ 1, so that, if [^1] denote the unit of area and 
\L\ the unit of length, then 

{A] «= [Zp. 

For example, 12 inches make 1 foot, but 144 (i.<;., 12^) square 
inches make one square foot. 

A volume possesses length, breadth, and thickness, and 
is said to be of three dimensions in length. The unit is 
that volume whose length, breadth, and thickness are each 
equal to the unit of length. As in the case of areas, it 
follows that, if [F] denote the unit of volume, then 

[F]«=[ip. 

Since the units of area and volume depend on that of 
length, they are said to be derived units, whilst the unit 
of length is called a fundamental unit. 

Another fundamental unit is the unit of time, usually 
denoted by [^]. A period of time is of one dimension in 
time. 

The third fundamental unit is the unit of mass, denoted 
by \M\ Any mass is said to be of one dimension in mass. 

These are the three fundamental units ; all other units 
depend on these three, and are therefore derived units. 
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170. In Art. 9 we defined the unity of velocity to be 
the velocity of a point which describes a unit of length in 
a unit of time. Hence if the unit of length, or the unit 
of time, or both, be altered, the unit of velocity will, in 
general, be altered. 

For example, let the units of length and time be changed 
from a foot and a second to 2 feet and 3 seconds. The 
new unit of velocity is the velocity of a point which de- 
scribes 2 feet in 3 seconds, t.e., which describes § foot in 
one second, i.e., is equal to frds of the original unit of 
velocity. 

Similarly, since a body is moving with unit acceleration 
when the change in its velocity is equal to the unit of 
velocity per unit of time, it follows that the unit of accele- 
ration depends on the units of velocity and time, i. e., ulti- 
mately upon the units of length and time. 

Again, the unit of force is, by Art. 61, that force which 
in the unit of mass produces the unit of acceleration. 
Hence the unit of force is altered when either the unit 
of force, or the unit of acceleration, or both, are altered. 
Hence the unit of force depends ultimately upon the units 
of length, time, and mass. 

171. Theorem. To shew that the unit of velocity varies 
directly as the unit of length, and inversely as the unit of 
time. 

In one system let the units of length, time, and velocity 
be denoted by \L\ [^], and [ V\ and in a second system by 
[Z'], [r\ and lr\, also let 

[Z'] = m[Z], and [T'] = n[T], 



! 
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Then a body is said to be moving 

with the original unit of velocity 

when it describes a length [Z] in time \T\y 

:. with velocity m\y'\ 

when it describes a length m[Z] in time [T']; 

/. with velocity — [F] 

when it describes a length m [L] in time n [^]; 

/. with velocity -[F] 

when it describes a length [I/] in time [^']. 

But it is moving with velocity [T'] when it describes a 
length [L'] in time [2"]. 

/. [F>;[F]. 

. . [ K J : [ K J : : j^j-i • T^ 

ZJ [X] 

.'. by the definition of variation, 

[n«[^.*-«-.«»w[2']-'. 

172. Theorem. To shew that the unit of accelercUion 
varies directly as the unit of length, amd inversely as the 
squa/re of the unit of time. 

Take the units of length and time as before, and let 
[F], [F'l denote the corresponding units of acceleration. 
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Then a body is said to be moving 

with the original unit of acceleration 

when a vel. of [Z] per \T'\ is added on per [T']; 

/. with acceleration m [F"] 

when a vel. of m \li\ per \T'\ is added on per \T\, 

.'. with acceleration — \F^ 

when a vel. of m \L\ per n \T'\ is added on per [2^]; 

.*. with acceleration — ^ \F\ 

when a vel. of m [Z] per n [T^ is added on per n [^]; 

Vth 

.\ with acceleration -irf^l 

when a vel. of [Z'] per [T^ is added on per [T'], 

But now the body is moving with the new unit of accele- 
ration [F']; 

.'. [F"] : [F] ::m : n» 

..[^i.tn! 



•• [Z] • [TJ 

.. [Z-] . [Z] 

.'. by the definition of variation, 

173. Ex. 1. If the units of length and time he changed from a 
foot and a second to 100 feet and 50 secimdi respectively ^ find in what 
ratio the units of velocity and acceleration are changed. 

The new unit of velocity is a velocity of 100 feet per 60 seconds, 
i.e,f a velocity of 2 feet per second. Hence the new unit of velocity is 
twice the original unit of velocity. 

L.D. 12 
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Again a body is moying with the new unit of acceleration 

when a velocity of 100 feet per 50 seconds is added on per 50 sees., 

i.«., 2 feet per 1 sec per 50 sees., 

».«., ^ feet per second per sec. 

Hence the new unit of acceleration is ^th of the original onit of 
acceleration. 

Otherwise thus ; Taking the same notation as in Arts. 171 and 
172, we have 

[L1=100[L], and [T']=50[r]. 

""^ [F] " [L] [TY^ - ^"" "" ^^^ " 2500" 26 ' 

so that the new units of velocity and acceleration are respectively 
doable and one twenty-fifth of the original units. 

Ex. 2. Find the measure of the acceleration due to gravity in the 
yard-minute system, assuming its value in the foot-second system to 
be 32-2. 

In a falling body a velocity of 32*2 ft. per sec. is added on per sec., 

.' 60x82*2 ft. per minute is added on 

per sec, 

.• 60>x32-2fk.perminuteisaddedon 

per min., 

60> 
.• -^x32-2yds. per minute is added 

on per minute. 

60^ X 32*2 

.*. the required measure = ^ = 38640. 

o 

This may be more concisely put as follows : 

Let X be the new measure ; then 

a;x[JP']=32*2x[F], 

60> 
=32*2 X ^=38640, as before, 
o 

Ex. 3. V t^ acceleration of a falling body be taken as the unit of 
aeeelerationf and the velocity generated in a falling body in one minute 
as the unit of velocity, find the units of length and time. 
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Using the same notation as in Arts. 171 and 172, the same accele- 
ration is in the two systems represented by 

32 . \F\ and 1 . [JFl. 

.-. l.[F']=32[F|. 

/. [I.'}[r]-9=32. [L][r]-2 (1). 

In ft.-sec. units the velooitj generated in one minute =60 x 32. 

Hence 60 x 32 . [F] and 1 . [F'] represent the same velooity. 
Hence 

l.[I,'][T']-i=60x32[L][r]-i (2). 

Dividing the square of equation (2) by (1), we have 

M' = ^^^k^ [L] = 602 X 32 feet. 
Hence, from (2), 

IZI- ^__ r^l-_J_^60»x32 
[r]~ 60x32 Ll'J~60x32^^" ^^^' 

:. [TT = 60 [T] = 60 seconds = one minute. 

EXAMPLES. XXIZ. 

1. If the unit of length be one mile, and the unit of time one 
minute, find the units of velocity and acceleration. 

2. If the unit of length be one mile, and the unit of time 4 
seconds, find the units of velocity and acceleration. 

3. If the unit of velocity be a velocity of 30 miles per hour, and 
the unit of time be one minute, find the units of length and accele- 
ration. 

4. If the unit of acceleration be that of a freely falling body, and 
the unit of time be 5 seconds, shew that the unit of velocity iB a 
velocity of 160 ft. per sec. 

5. What must be the unit of length, if the acceleration due to 
gravity be represented by 14, and the unit of time be five seconds? 

6. If the unit of velocity be a velocity of 3 miles per hour, and 
the unit of time one minute, find the unit of length. 

7. If the acceleration of a falling body be the unit of accelera- 
tion, and the velocity acquired by it in 5 seconds be the unit of 
velooity, shew that the units of length and time are 800 feet and 
5 seconds respectively. 

8. What is the measure of the acceleration due to gravity, 

(1) when a foot and half a second are the units of length and time, 

(2) when the units are a mile and eleven seconds, 

(3) when the units are 10 yards and 10 minutes respectively? 

12—2 
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9. Find the measure in the centimetre-minnte syBtem of the 
acceleration due to gravity, assuming a metre to be 39*37 inches. 

10. The acceleration produced by gravity being 32 in ffc.-8eo. 
units, find its measure when the units are ill^^ of an hour and a 
centimetre, given 1 centimetre ='0328 ft. 

11. If the area of a ten acre field be represented by 100, and 
the acceleration of a heavy falling particle by 683, find the unit of 
time. 

174. Dimensions. Def. When tve say that the dimen- 
sions of a physical quantit/y a/re a, )9, and y in length, time, 
and mass respectively, we mean that the unit in terms of 
which the quantity is measured varies as 

[Lf [Tf [My. 

Thus the results of Arts. 171 and 172 are expressed by 
saying that the dimensions of the unit of velocity are 1 in 
length and — 1 in time ; while those of the unit of accele- 
ration are I'in length and —2 in time. 

The cases in Arts. 171 and 172 have been fully written 
out, but the results may be obtained more simply as in the 
following article. 

176. (1) Velocity. Let v denote the numerical measure 

of the velocity of a point which undergoes a displacement 

whose numerical measure is s, in a time whose numerical 

measure is t, so that 

s = vt. 

If [Z], [T], and [ F] denote the units of length, time, 
and velocity respectively, we have, as in Art. 168, 

1.1 1 



1 1 



oc 



•• [Lr[v][Ty 

Or [n«W[^]''- 
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(2) Acceleration. Let v denote the velocity acquired 
by a particle moving with acceleration f for time ty so that 

v=ft. 
If \F\ denote the unit of acceleration, we have 

.1 11 

OC 



••\7r[F][TY 

.-. [^]«[F][2'rcc[z][2'r. 

(3) Density. Let d be the density of a body whose 
mass is m and volume Uy so that 

m, = du. 

K \p\ [CT] denote the units of density and volume, we 
have 



[Dy —[ir]- 



1 1 

OC 



"[Mr[D][uy 

:. [D] OC [jf ] \UY' OC [M] [Z]-». 

If the body be very thin, so that it may be considered 
as a surface only, we see similarly that the unit of surface 
density 

CO [M] [L\-\ 

So, if the body be such that its breadth and thickness may 
be neglected, (so that it is a material line only), we have 

unit of linear density oc [J/] [i^]"^ 

(4) Porce. If p be the force that would produce ac- 
celeration y in mass m, we have 

:. if [P] denote the unit of force, we have 

[P] cc [if] [i^ cc [M] [Z] [TY\ 
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(5) Momentum. If A; be the momentum of a mass m 
moving with velocity v, we have 

.*. if [K'\ denote the unit of momentum, 

(6) Impulse. If i be the impulse of a force p acting 
for time ty we have 

:, if [/] denote the unit of impulse, 

SO that an impulse is of the same dimensions as a 
momentum. 

(7) Einetic Energy. If e be the kinetic energy of a 
mass w moving with velocity v, we have 

.'. if \E'\ denote the unit of kinetic energy, 

(8) Work. If V) be the work done when a force p 
moves its point of application through a distance «, then 

fJt)=p8, 

/. if \yir\ denote the unit of work, 

Hence work and kinetic energy are of the same dimensions. 

(9) Power or Rate of work. If h be the power at 
which work w is done in time ^, then 

A = — = wfK 
t 

,\ if [H] denote the unit of power, 

[ff] oc [W] [T]-^ cc [if] [LY [Ty\ 
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176. Ex. 1. V <^ «^i< of mass be 112 lbs,, the unit of length 
one nUUt and the unit of time one minute, find the unit of force. 

The unit of force is (Art. 61) the force which in nnit mass 
produces unit acceleration, 

i.e.f which in 112 lbs. produces an acceleration of 1 mile per min. 

per min., 

i.e., in 112 lbs ^ mile per sec. per 

min., 

i.e., in 112 lbs tt^ mile per seo. per 

sec, 

t.e., m 112 lbs ^^ ft. per sec. 

per sec, 

- „ 1760x3x112.^ 
I.e., m 1 lb ^^ ft. per 

sec. per sec 

TT *v •* «« 1760x3x112 , , 

Hence the new unit of force = 575 poundals 

oO* 

= 164^7 poundals =wt. of about 5^ lbs. 

Otherwise thus : By Art. 176 (4), we have 

[n_ mUlMH-iu X 1760 8 X (m-^ 

= gQ2 — '— =164^, as before. 

Ez. 2. The kinetic energy of a body expressed in the foot-pound- 
second system is 1000; find its value in the m^tre-gramme-minute 
system, having given 1 /oot= 30*5 cms., and 126.= 450 grammes, ap- 
proximately. 

Let X be the measure in the new system, so that 

x[E']=l(m[El 
i.e., a;[JlfT[L']»[rr*=1000[J»f|[LP[T]->. 

But [3fl=450[ilfa [L]=-306[JL1, and [T]=Mri 

.-. «= 1000 X 460 x[-806px60« 
= 150,700,500. 
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Ex. 3. If the unit of velocity he 12 feet per second^ the unit of 
acceleration 24 foot-second units, and the unit of force 20 poundals, 
what are the units of masSy length, and time f 

Find also the corresponding unit of work. 
The unit of velocity [V] is equal to 12 [F]. 

[r][rr'=i2 racrr^ a). 

The unit of acceleration [F'] is equal to 24 [F]. 

,\ [LT[ri-a=24[L][r]-« (2). 

The unit of force [F] is equal to 20 [P]. 

••• [M'][L'][r'Jr^=20[M][L][T]-^ (3). 

Dividing (2) by (1), we have 

[r]-i=2[r]-i. 
••• [^1 =i[T] = -5 second. 
Dividing the square of (1) by (2), we have 

[I.']=^[L]=6[L]=6feet. 

Dividing (3) by (2), we have 

Hence the required units of mass, length, and time, are 

I lb., 6 feet, and i sec. 

Also, by Art. 176 (8), we have 

[W]" [M ] [Lf[T]-^ " 6 ^ ' \2J ' 
... [wy = ^1^1^ iw] = 120 foot-poundals. 

EXAMPLES. XXX. 

1. If 39 inches be the unit of length, 3 seconds the unit of time, 
and 1 cwt. the unit of mass, find the unit of force. 

2. If the units of mass, length, and time be 10 lbs., 10 feet, and 
10 seconds, find the units of force and work. 

3. If the unit of length be 2 feet, what must be the unit of time 
in order that one pound- weight may be the unit of force, the unit of 
mass being one pound ? 
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4. If the unit of mass be 1 cwt., the nnit of force the weight 
of one ton, and the unit of length one mile, shew that the unit of 

time is \ /^/Sd seconds. 

5. If the unit of velocity be a velocity of one mile per minute, 
the unit of acceleration be the acceleration with which this velocity 
would be acquired in 5 minutes, and the unit of force be equal to 
the weight of half a ton, find the units of length, time, and mass. 

6. If a hundredweight be the unit of mass, a minute the unit of 
time, and the unit of force the weight of a pound, find the unit 
of length. 

7. If the unit of force be equal to the weight of 5 ounces, the 
unit of time be one minute, and a velocity of 60 feet per second be 
denoted by 9 ; find the units of length and mass. 

8. If 5^ yards be the unit of length, a velocity of one yard per 
second the unit of velocity, and 6 poundals the unit of force, what is 
the unit of mass ? 

9. Taking as a rough approximation 1 foot = 30 '5 cms. , lib. = 453 
grammes, and the acceleration of a falling body = 32 ft.-sec. units, shew 
that 

(i) 1 Poundal = 13816 Dynes, 

(ii) 1 Foot.Poundal= 421403 Ergs, 

(iii) 1 Erg= 7-416 x 10-8 Foot-Pounds, 

(iv) 1 Horse-Power = 7*416 x 10* Ergs per sec. 

10. In two different systems of units an acceleration is repre- 
sented by the same number, whilst a velocity is represented by 
numbers in the ratio 1:3; compare the units of length and time. 

If further the momentum of a body be represented by numbers in 
the ratio 5 : 2, compare the units of mass. 

11. If the units of length, velocity, and force be each doubled, 
shew that the units of time and mass will be unaltered, and that 
of energy increased in the ratio 1 : 4. 

12. If the unit of time be one hour, and the units of mass and 
force be the mass of one hundredweight and the weight of a pound 
respectively, find the units of work and momentum in absolute units. 

13. Find a system of units such that the momentum and 
kinetic energy of a mass of 4 lbs., moving with a velocity of 5 feet 
per second, may each be numerically equal to unity, and such that 
the unit of force may be the weight of one pound. 

14. If the unit of acceleration be that of a body falling freely, 
the unit of velocity the velocity acquired by the body in 5 seconds 
from rest, and the unit of momentum that of one pound after falling 
for 10 seconds, find the units of length, time, and mass. 
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15. If the unit of work be that done in lifting one hundredweight 
through three yards, the unit of momentum that of a mass of 
one pound which has fallen yertically 4 feet under gravity, and the 
unit of acceleration three times that produced by gravity, find the 
units of length, time, and mass. 

16. Find the units of length, time, and mass supposing that 
when a force equal to the weight of a gramme acts on the mass of 
16 grammes the acceleration produced is the unit of acceleration, 
that the work done in the first four seconds is the unit of work, 
and that the force is doing work at unit rate when the body is 
moving at the rate of 90 cms. per second. 

17. The velocity of a train running 60 miles per hour is denoted 
by 8, the resistance the train experiences and which is equal to 
the weight of 1600 lbs. is denoted by 10, and the number of units 
of work done by the engine per mile by 10. Find the units of length, 
time, and mass. 

18. In a certain system of absolute units the acceleration pro- 
duced by gravity in a body frilling freely is denoted by 3, the kinetic 
energy of a 600 pound shot moving with velocity 1600 feet per second 
is denoted by 100, and its momentum by 10; find the units of length, 
time, and mass. 

19. If the kinetic energy of a train, whose mass is 100 tons 
and whose velocity is 45 mUes per hour, be denoted by 11, whilst 
the impulse of the force required to bring it to rest is denoted by 5, 
and 40 horse-power by 15, find the units of length, time, and mass, 
and shew that the acceleration due to gravity is denoted by 2016, 
assuming its measure in foot-second units to be 32. 

20. If the unit of force be the weight of one pound, what most 
be the unit of mass so that the equation P=mf may still be true?. 

Verification of formulae by means of counting the 

dimensions. 

177. Many formulae and results may be tested by 
means of the dimensions of the quantities involved. Sup- 
pose we have an equation between any number of physical 
quantities. Then the sum of the dimensions in each term 
of one side of the equation in length, time, and mass 
respectively must be equal to the corresponding sums on 
the other side of the equation. For suppose that the 
dimensions in length of one side of the equation differed 
from the corresponding dimensions on the other side of 
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the equation ; then, on altering the unit of length, the two 
members of the equation would be altered in different 
ratios and would be no longer equal ; this however would 
be clearly absurd ; for two quantities which are equal must 
have the same measures whatever (the same) unit is used. 
For example, if two sums of money are the same, their 
measures must be the same whether we express the amounts 
in pounds, shillings, or pence. 

178. Much information may be often easily obtained 
by considering the dimensions of the quantities involved. 
Thus the time of oscillation of a simple pendulum (which 
consists of a mass m tied by means of a light string of 
length ^ to a fixed point) may be easily shewn to vary as 

/-. For, assuming the time of oscillation to be inde- 
pendent of the arc of oscillation, the only quantities that 
can appear in the answer are m, Z, and g. Let us assume 

the time of oscillation to vary as m^'vg^. 



{MY{Lfi 



The dimensions of this quantity expressed in the usual 
way are 

or [MYlLf^-^lTy^. 

Now the answer is necessarily of one dimension in time, 
and of none in mass, or length. Hence we have 

a = 0; )3 + y = 0; -2y = l. 
and the time of oscillation therefore oc /- . [Art. 157.] 
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Table of Dimensions and. Values of Fundamental 

Quantities. 



Physical Quantity 
Volume density 

Surface density 

Line density 

Velocity 

Acceleration 


Dimensions in 
Mass Space Time 
1 -3 

1 -2 

1 -1 

1 -1 

1 -2 


Force 


1 


1 


-2 


Momentum 


1 


1 


-1 


Impulse 1 
Kinetic energy 1 
Power or Bate of work 1 


1 
2 
2 


-1 
-2 
-3 




Vdl/ue8 of "^." 






Place 
The equator 

TMitude 45" 


Ft, -sec, units, Cm,'Sec, units, 
. 32-091 978-10 ! 
32-17 980-61 


Paris 


32-180 




980-94 


London 


32-19 




981-17 ' 


North Pole 


32-252 




983-11 , 


Length of the seconds pendulum at London 

= 39-139 inches = 99-413 centimetres. 


1 centimetre 


= -39370 inches = 


-032809 feet. 


1 foot 


= 30-4797 centimetres. 




1 gramme 

lib. 

1 dyne 

1 poundal 

1 foot-poundal 


= 15-432 grains = -0022046 lb. 

= 453*59 grammes. 

= weight of ^4t gramme approx. 

= 13825 dynes. , 

= 421390 ergs. | 



ANSWERS TO THE EXAMPLES. 



I. (Page 11.) 

4. lOOfeot. 6. 120°. 

7. At an angle 0OB"i(-f), i.e. 126° 62' with the current; per- 
pendicular to the current so that his resultant direction makes an 
angle tan-i f , i.e. 69° 2', with the current. 

8. 4 ^S miles per hour ; 12 miles per hour. 

0. At an angle of 160° with AB produced; it will strike X at 
right angles at the end of fifteen minutes. 

10. At an angle of cos-^(-H) with the direction of the car's 
motion* 

11. \/^ at an angle of elevation of tan~^ f with a horizontal line 
which is inclined at tan~^ | north of east. 

12. (V3-1)m, (^/6-^/2)|. 13. 60°. 
14. 14 at an angle cos^^ ^ with the greatest velocity. 

n. (Page 17.) 

1. 66 ft. per sec. at an angle tan-^ ( - {) with the direction of the 
train's motion. 

2. 20 miles per hour at an angle tan~^ f west of north. 

3. 16 miles per hour north-east. 

4. 10 miles per hour towards the south-east. 

5. 39 miles per hour in a direction cos~^ ^^ north of east. 

6. 32^Y miles per hour. 

7. 2j^2 miles per hour at 46° to the vertical. 

8. V cot $. 10. 6^ sees. 

12. At 12.46 p.m.; 16-9 miles. 

13. 24 minutes ; 6 miles. 

14. 2^ ft. per. sec. at tan'^^j with BA; 3 feet at the end of 
Iff secondis. 

16. 4/^2 miles per hour towards the south-east. 

17. Towards the east. 18. 3v and v. 
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m. (Page 20.) 

20t 

1. -^- radians per seo. 2. 8ir radians per seo.; 50f ft. per seo. 

3. ^ ft. per sec; ^^ ft. per seo. 4. 1:20:360. 

5, 2f miles per hour. 6. j^ ^' 8. • 

10. 60 ^8 ( = 103 *9) miles per hour at ± 30'' to the horizon. 

11. V radians per seo.; 30 miles per hour. 

12. 44 radians per seo.; 30 miles per hoar. 

13. 20 miles per hoar ; 10 miles per hoar at =i= 60° to the horizon ; 
10 j^3 miles per hour at ± 30° to the horizon. 

IV. (Page 24.) 

2. 5 miles per hoar in a direction tan*^ | north of west. 

3. 5 ft. per seo. at 120° with its original velooity. 

4. 20 ^2-^2 ft. per seo. towards N.N.W. 

5. 12 ft. per sec. at 120° with its original direction. 

V. (Page 30.) 

1, (1) 17 ft. per sec.; 47^ feet. (2) 0; 24^ feet. 
(8) -If; li^^Becs. (4) 3 ft. per sec; 6 sees. 

2. 40 ft. per sec; 400 feet. 3. 40 sees. 

4, 20 ft.-8ec onits. 5. 10 sees.; 150 cms. 

6. In 50 sees.; 25 metres. 7. 18 ft.-8ec units. 

8. 10 ft. per sec.; - \ ft.-oea unit. 

9. 19 ft. per see.; 8 ft.-ieo. units; 60} sees. 

10. 5 sees. ; 12} ft. 11. 16 ft.-8ec. units ; 30 ft. per seo. 

12. 80 ft. per sec. ; - 2 ft.-8eo. units. 13. 80 ft 

14. g, ^^-^, and ^^-^^ 8608. lespectively. 

15. In 2 sees, at 16 ft firom O. 

17. Its displacement is ^61+42^2 ft. at an angle tan-^ ^^—^ 
north of east 
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VI. (Page 35.) 

1. 25 ft; i seo. and 2J seos. 

2. (i) In 14 sec; (ii) in 1\ sees. 3. In 11 &nd 2} sees.; 50 ft. 

4. (1) 1600 ft.; (2) i ^10 sec. (3) 60 ft. per Beo. upwards. 

5. 432 ft. 6. 44 sees. 7. 2 sees, or 5^ sees. 
8. 545 cms. per sec.; i sec. 9. 10*2 sees. 

10. 218 metres; 6f sees. H. 32*18. 
12. 900 ft.; 7i sees. 13. 100 ft. 
14. 400 ft. 15. 144 ft. 

16. 256 ft. per sec.; 1024 ft. 

17. t=: 5; 64 ft. per sec. 18. 784 ft. 
19. 1120 ft. per sec. 20. 150 ft. 

Vn. (Page 38.) 

1. 200 ft.; 5 sees. 2. 16/s/3 ft. per sec; |V3 sees. 

3. 30°. 4. 1:4. 

5. (1) -89tft.; - 60* ft. per sec 
(2) 217i a ; 92t ft. per sec. 

6. 30^ 7. cos-4,i.c., 75°3r. 

Vm. (Page 43.) 

1. 4080 ft. 2. 1 sec; 1\ sees. 3. 96 ft. per sec; zero. 

4. The first will have fiallen through one-quarter of the height of 
the tower. 

5. -Q- • 6. fJgK ijgh c^d 0, where ^ is the height of the plane. 

7. At the end of time - {u-\-igt) from the starting of the first 

if 

particle and at a height of x- (v^ -ig^t^» 

8. 15 sees. 9. 96 ft. 10. 192 ft.; 112 ft. per sec. 

11. The parts are 82, 96, and 160 feet; 3 sees. 
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• a/— cosecaseo/9. 20. \//*(^-^)* 

24. H ft*-Bec. units; ^ ft.- sec. units; 40 miles per hour. 

25. 60 miles per hour ; 44 sees. ; 1936 ft. ; 8 sees. 
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IX. (PAaB 53.) 

4. (1) i, (2) |, (3) ^ ft-sec. units. 

5. (1) 200poandals; (2) GJlbs. wt. 

6. 161bs. wt. 7. 16|lbB. wt. 

8. 48 ft.-seo. nnits; 72 ft. 9, 1 : 64; 5 ft. per sec. 

10. 7i sees.; 13i ft. per sec. 11. 2 min. 56 sees. 

12. Usees. 14. 180 feet. 

15. 363 j^ cms. per sec. ; 181§cms.; 21800 cms. 

16. 49*05 kilogrammes. 17. 144 lbs. 

18. 12 lbs. 19. THlbs-wt.; 237flbs. wt. 

20. They are eqnal. 21. HO lbs. wt. 

24, 133} ft. per sec. 



X. (Page 65.) 



1. I ; 7t lbs. wt. 



2. (1) 4 ft.-sec. miits; (2) 7|lbs. wt.; (3) 20ft. per sec.; (4) 50ft. 

3. (1) 10§ ft. per sea; (2) 21} ft.; (3) 640 and -512 ft. 

respectively. 

op 

4. 18 ft. ; 16S oz. wt. 6. By 2 lbs. wt. 7. ^ • 

o 

8. f . 9. 16 ft. 

10. (1) ^; (2) V^secs.; (3) W5ft.perseo. 11. 2 sees. 

12. (1) 2ft..sec.imits; (2) 2^1bs.wt.; (3) 6 ft. per sec; (4) 9 ft. 

13. ^"^^^ P; t(N/2 + l)sec. 14. 40ft. 

15. 24 lbs. 10 ozs. 16. 5 ozs. 17. In ratio 19 : 13. 

18. 2} and 8} lbs. wt. ; | . 19. 29 ft. 9 ins. nearly. 

XI. (Page 70.) 
1. H P ; *3* 2. 40*6 ft. per sec.; 96 feet. 

3. •!. 4. ^ sees.; 8^2 ft. per sec. 

5. Jn/S sees.; Vn/^ ft* per sec. 

6. 16^5 ft. per sec.; 80 ft. per sec. 
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2 /3 — 3 

8. The larger mass descends with acceleration -^—^ — g. 

9, The particles do not move. 10. 2117} ft. 

11. 605 : 18. 12. (i) 5 min. 8 sees.; (ii) 6776 feet. 

13. 1 min. 42§ sees.; 2258§ feet. 

14. 5^ tons' wt. 15. 1 mile 1408 yds. 
16. 1224§yds. 17. 408Jfeet. 

18. ^Ih tons* wt.; 1 in 77 about. 



[. (Page 76.) 

1. Zero. 2. (i) 20 lbs. wt.; (ii) 20f lbs. wt. 

3. 154 lbs. wt.; 70 lbs. wt. ^- | * 

5. 2057f ft. 6. } lb. wt.; A lb. wt.; J lb. wt. 

7. ?; Sf ozs. wt.; 2J ozs. wt.; 3 ozs. wt. 

8. '938 ton's wt. 9. 1260^ poondals. 
10. 7521 lbs. wt. nearly. 13. 10 hang vertically. 
14. 3:5. 16. 80 feet. 18. 6Jtons. 
21. 1:2. 22. 1-9... sees. 23. ff^Tip' 

24. m goes up with ace. ^ ; M goes down with ace. r| . 

26. -^ = zrz:;r/» *^eacc. IS— — j^r. 

27. A ft.-sec. units. 28. A 9* 
29. 320 feet ; 28 miles per hour. 
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1. 4^ ft. per sec. 4. 6J ft. per sec. 

5. 17f ft. per sec. 6. 6-8... ft. 

7. 9f^|tons'wt. 8. 1431 ft. nearly. 



(Page 86.) 

1. 160. 2. 2131. • 3. 119-46. 

4. 14-686 lbs. wt. 5. 21f . 6. ^Ns- 

7. 7,392,000 ft. lbs.; 7-46 H. p. 8. 152 ft. lbs. 
L. D. 13 



vi DYNAMICS. 

XV. (Page 90.) 

1. (i) 6120, (ii) 1280, (iii) 0, units of kinetic energy. 

2. 15625. 3. 125x109. 

4. 625x1010; 3125x108. 5. SlOOff ft. lbs. 

XVI. (Page 93.) 

3. 89600 units of impulse ; 4 ft. 4. f ft. 

5. 7*997 cms. per sec.; 40775 grammes* wt. nearly. 

6. Wt. of 100 cwt. 

7. The masses move with a velocity of 24 ft. per sec. 

8. f \/6 ft. per sec; | ,^30 ft. per sec. 

12. - » where u is the common velocity. 

14. The velocities become ultimately equal. 

16. -169 : 1. 17. 20^2 ft. per sec; 560,000 ft.-lbs. 

18. IIH toils' wt.; 28, 233, 333^ ft.-tons. 

19. Uptons. 21. 3520 ft.-lbs. 

22. lOM. 23. ^. 

XVn. (Page 103.) 

1. (1) 16 ft.; 2 sees.; 110*9 ft.; (2) 75 ft.; 4*33 sees.; 173-2 ft.; 
(3) 134-4 ft.; 5-795 sees.; 144 ft.; (4) 225 ft.; 7i sees.; 1200 ft. 

2. 72 ft.; 112Jft.; 312ift. 3. 7812^ ft.; 19531 ft. 

4. 3-88 sees.; 60 ft. 6. 1333^ ft. per sec. 7. 2h ; 2 Jgh, 

8. 50-1 at tan-i ^ ( = 28° 36') to the horizon. 

9. (1) 16^/17 (=65-97) ft. per sec at tan-i4 (=75° 58') with the 
horizon. 

(2) 16 Ay37(= 97-31) ft. per sec at tan-i6(=80°32') with the 
horizon. 

10. 5543 yards. H. 13 sees. ; 3328 ft. 

13. 40^6 (=97-98) ft. per sec. at 45° to the horizon. 

14. 80 VilO ( = 889-04) ft. per sec; 48 /s/IlO ( = 503-4) ft. per sec 

15. 1 :V3; 1:1. 17. (1) 45°; (2) 30°. 18. 15° or 76°. 



ANSWERS. vii 

ZVm. (Page 109.) 

1, 2500 yards; 21*7 sees. 

2, At a distance -^ (^3 - 1) ; -jg . 

3, 62-6 ft. nearly; | {3tJ2-^e), ue., 1-2 sees, nearly; 85Jft. 

4, (1) 16000 ft.; (2) 112000 ft. 

5, 11716 ft. and 27 sees, nearly; 10718 ft. and 25*9 sees, nearly; 
19048 ft. and 34*5 sees, nearly; 14444f ft. and nearly 30 sees. 

6, 2929 yards nearly ; 17071 yards nearly. 
8. 266^ ft.; 1385*6 ft. 



:. (Page 112.) 

1, A circle of about 91 miles radius. 

2, About tan~i ^ (i.e. 5° 43') to the horizon. 

3, 3J ft.; 9*185... ft. 4. About 121 ft. 

5. In ^th sec. at a point whose horizontal and vertical distances 
from the first gun are 47*63... and 27*46 ft. 

8. 30°. 14. 2^— coso. 

15. The rifle must be pointed at the balloon; the bullet will strike 
the body when it has fallen 16 feet. 

18. 2J lbs. 19. 5*6 ft.; 29*32 h. 

20. 272^ ft.; 324 ft.; 225 ft. 

21. - (sin a ± cos a) sees., where u is the velocity, and a the angle, of 
projection. 23. 80 ft. per sec. 



:. (Page 121.) 
1. 7*29 ft. 

6. 2 ^13 ( = 7-2) ft. per sec. at tan-i ^ ( = 16° 6') with the plane. 

8. (1) 4kj4S (=13*1) ft. per sec. at tan-i-^-(=52°25') with 

the plane; 

(2) 20<^2(=28-3)ft. per sec. at tan'i}(=36°52') with the 
plane; 

(3) 4 J 57 (=30*2) ft. per sec. at tan-i ?^ (=23° 25') with the 
plane. 
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(Page 127.) 

1. ^^ and 4f ft. per see. 2. ^ and 5f ^ ft. per sec. 

3. The first remains at rest ; the second turns back with a velocity 
of 6 ft. per sec. 8. i* 

9. (1) The masses are as 3 : 1 ; (2) the velocities are as 1 : 2. 

11. 5*66... and 2*5 sees. 

17. 5^/6u(=ttx 11-108...) at tan-ij(=26°34'), and 

V206M(=uxU-318...)attan-iA(=12^6') 
with the line of centres. 

XXn. (Page 133.) 

3. 60 ft.; 3*464 sees. 4. 8 sees.; 448*4 ft. 

6. At a distance h from the foot of the towdr. 

9. At a point distant ^th of the circumference from the starting 
point. 

16. 4«?sin2acosa. 17. 2^3n«(l + c) ft. 

19. Draw BN perpendicular to the vertical plane, and produce to C 
so that BN=e . CN; the required direction is then AC. 



(Page 142.) 

1. 60poundals. 2. 28*6. 3. 48*3. 

5. 24 ft. per sec. 6. About 13*4. 7. ly^ tons' wt. 

8. 2*42 tons' wt. 

ZXrV. (Page 147.) 
1. About 5*66 lbs. wt ; about 8*24 ft. per sec. 
4. 12 ft. per sec. 6. 4*9 inches. 

7. 3*02 inches. 8. 6f^ inches. 

40 
10. — x/6(=31*2...). 13. 371:369:370. 

IT 

16. m (flf - in^^b) poundals ; ^ ^| . 18. ^2^. 

19. «.':«'.-. 20. Isf^y 

21. It must be reduced to one quarter of its original value. 

22. 1 : ^/2 ; I VV2r=2 sees. 23. \/^ "^^^ * 



^ 



ANSWERS. ix 

. (Page 156.) 

1. (1) 20*8 ft. per seo.; 22-6 lbs. wt. (2) 15*5 ft. per sec; 
7*6 lbs. wt. 

2, 21*9 ft. per seo.; 30 lbs. wt. 3. B ^3 ft. per see.; Sm^. 

4. (1) 24 ft. per sec.; (2) 12^2 ft. per sec.; (3) 8^8 ft. per sec.; 
12 ft. per sec. 

5. 6 times the wt. of the particle ; 40 ft. per sec. 

6. 448 ft. per sec.; wt. of 9 cwt.; wt. of 4J owt. 
9, ^ of the radius of the circle. 

/? 1 A/l 

10. qT and -^=- , where d is the diameter of the circle, 
ol ox 

11. «=i« 13. 7V^lbs. wt.; 5^3mlb8. wt. 
14. iVfl'«(187 + lW2). 



[. (Page 162.) 

1. (1) ^*J^ sees.; (2) g- sees.; (3) 1 sec. 

2. 2^2, IJ, and x ft. per sec. ' 

3. (1) V, (2) 32t, and (3) 2 ft. per sec. 

4. 3*46 ft. per seo. 5. ^ s^s. ; 20 ft. per sec. 
7. 25 centimetres nearly. 



(Pagb 165.) 

1. 20*4 ft. 3. 32*249. 

4. (1) 9*78 ins.; (2) 2*445 ins.; (3) 156*48 ins. 5. 330. 

7. 32*16... 8. 77762 nearly. 



(Page 171.) 

1. 32185. 2. 100046 : 1. 3. 215-4. 

4. It must be shortened by *008 inch. 

5. It must be lengthened by *0O45 inch. 

6. 432. 7. 65. 8. 981. 

9. It loses about 10 sees. IQ. 1630 yards ; 5 sees. 

11. 1*0005 : 1; 1*852 miles. 12. 10*8 sees.; about '01 inch. 
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Wit CattArtUjje B«>le iox 

Gensral Editor : J. J. S. PEROWNE, D.D., 

Bishop of Worcester. 

 **I/ is difficult to commend too highly this excellent series, — Guardian. 

" The modesty of the general title of this series has, we believe^ led 
many to misunderstand its character and underrate its value. The books 
are well suited for study in the upper forms of our best schools^ but not 
the less are they adapted to the wants of all Bible students who are not 
spedcUists, We doubt ^indeed, whether any of the numerous popular 
commentaries recently issued in this country will be found more ser- 
vicecdflefor general use.** — Academy. 
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Book of Revelation. By Rev. W. H. Simcox, M.A. 3^. 
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Ct)e Sbmaller CambrtUgfe iSfble for dtboold. 
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Review. 

" The notes elucidate every possible difficulty with scholarly brernty and 
clearness^ and a perfect knowledge of the subject." — Saturday Review. 

*^ Accurate scholarship is obviously a characteristic of their productions^ 
and the work of simpltficcUion and condensation appears to have been 
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